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éet

ai
t

d
e

co
n
va

in
cr

e
le

s
te

n
an

ts
d
u

se
p
ti

sc
is

m
e

q
u
’i
l
y

av
ai

t
to

u
t

àa
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éet
ai

t
le

su
iv

an
t

:

-
“D

ie
u

es
t,

ou
il

n
’e

st
p
as

”.

-
“N

ou
s

so
m

m
es

in
ca

p
ab

le
s

d
e

sa
vo

ir
n
i
ce

q
u
’i
l
es

t
n
i
si

il
es

t”

-
“N

ou
s

n
’a

vo
n
s

p
as

le
ch

oi
x
,

n
ou

s
so

m
m

es
em

b
ar

q
u
ées

d
an

s
la

v
ie

,
c’

es
t

la
se

u
le

ce
rt

it
u
d
e,

n
ou

s
d
ev

on
s

p
ar

ie
r”

su
r

ce
tt

e
q
u
es

ti
on

-
“L

a
v
ie

es
t

u
n

“j
eu

”
q
u
i
n
e

co
m

p
or

te
q
u
’u

n
e

p
ar

ti
e

se
p
rée

se
n
ta

n
t

co
m

m
e

su
it

:
.

M
is

e
:

la
v
ie

h
u
m

ai
n
e

(fi
n
ie

)
.

G
ai

n
:

la
b
éea

ti
tu

d
e
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éec

h
et

te
su

r
u
n
e

ci
b
le

:
Ω

:=
D

(0
;1

)
∪
{δ
}

oùu
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éel
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éen

em
en

ts
.

P
2
.

IP
(c A

)
=

1−
IP

(A
)

(o
ùu
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àa
la

li
m

it
e

d
an

s
l’
in
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éee

d
es

π
(e

)
,e

∈
E

oùu
π

(e
)

:=
π

({
e}

)
p
u
is

q
u
’a

lo
rs

∀A
∈
P

(E
)
,

π
(A

)
=

∑ e∈
A

π
(e

)
.

D
an

s
ce

ca
s

on
co

n
st

at
e

q
u
e

l’
on

p
eu

t
in

d
iff
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àa

d
es

p
ro

b
lèe
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çco
n
s

=
2

+
2

+
6

so
it

3
fa
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çco

n
s

=
2

+
3

+
4

so
it

3
!

fa
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àa

va
le

u
rs

d
an

s
u
n

en
se

m
b
le

E
fi
n
i
ou

d
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éefi

n
ie

p
ar

:
∀e

∈
E

,
π

(e
)

:=
IP

(X
=

e)
.

R
e
m

a
rq

u
e

:
L
a

p
ro

b
ab

il
it
ée

π
es

t
so

u
ve

n
t

n
ot
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éem

en
ts

d
on

t
N

1
so

n
t

b
la

n
cs
}

et
l’
on

se
p
la

ce
so

u
s

l’
h
y
p
ot

h
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éem

at
iq

u
e

d
e

X
p
ar

:

IE
(X

)
:=

∑ x
∈E

x
IP

(X
=

x
)
.

12
C

h
ap

it
re

2.
In

tr
o
d
u
ct

io
n

au
m

o
d
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éefi

n
it

le
m

om
en

t

d’
or

dr
e

p
d
e

X
p
ar

IE
(X

p
).

•
S
i

p
<

p′
et

si
IE

( |X
|p

′) <
+
∞

,
al

or
s

IE
(|X

|p
)

<
+
∞

p
u
is

q
u
e

IE
(|X

|p
)
≤

IE
( |X

|p
′) +

IP
(|X

|≤
1)

.
E

n
p
ar

ti
cu

li
er

,
X

es
t

in
tée

gr
ab

le
d
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éefi

n
it

la
p
ro

b
ab

il
it
ée

co
n
d
it

io
n
n
el

le
d
e

A
sa

ch
an

t
(o

u
“q

u
an

d
”)

B
p
ar

:

IP
(A

/B
)

:=
IP

(A
∩

B
)

IP
(B

)
(n

ot
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éep

en
d
an

ts
si

∀J
⊂

I
,

IP
( ∩ j∈

J
A

j

) =
∏ j∈

J

IP
(A

j
)
.

R
e
m

a
rq

u
e
s

:

•
Il

y
a

d
on

c,
se

lo
n

ce
tt

e
d
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éer

ifi
en

t
IP

(A
1
∩

A
2
∩

A
3
)

=
1 6

=
3 P i=
1
IP

(A
i)

,
ce

p
en

d
an

t
IP

(A
1
∩

A
2
)

=
1 6

=

IP
(A

1
)I
P

(A
2
).

2.
6

V
.a

.
d
is

cr
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éep

en
d
an

te
s,

(i
i)

∀f
i
:
E

i
→

IR
,
b
or

n
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èet

es
,
la

re
la

ti
on

d
’i
n
d
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éefi

n
it

io
n

8
et

la
rée

ci
p
ro

q
u
e

d
u

p
oi

n
t

(i
v
)

d
e

la
p
ro

p
os

it
io

n
6.

#

P
ro

p
o
si

ti
o
n

7
:

(a
)

S
i

le
s

X
1
,.

..
,X

n
so

n
t

in
d
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éep

en
d
an

te
s

d
e

ca
rr

ée
in

tée
gr

ab
le

,
àa
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éer

ifi
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éee

s.
P
ou

r
au

ta
n
t,

el
le

s
n
e

so
n
t

p
as

in
d
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àa

va
le

u
rs

d
an

s
IN

.
A

p
p
li
ca

ti
on

s
21

IE
(X

(X
−

1)
..
.(

X
−

p
+

1)
)

︸
︷︷

︸
m

o
m

en
t

fa
ct

o
ri

el
d
’o

rd
re

p

=
li
m

s→
1
−

g
(p

)
X

(s
)
≤

+
∞

.

X
ad

m
et

u
n

m
om

en
t

d
’o

rd
re

p
∈I

N
∗

fi
n
i
ss

i
X

a
u
n

m
om

en
t

fa
ct

or
ie

l
d
’o

rd
re

p
fi
n
i
i.
e.

li
m

s→
1
−

g
(p

)

X
(s

)
<

+
∞

(s
oi

t
en

co
re

ss
i
g X

ad
m

et
u
n
e

d
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’àa

m
ai

n
te

n
an

t
ja

m
ai

s
co

n
st

ru
it

d
e

p
ro

b
ab

il
it
ées

su
r

u
n

en
se

m
b
le

Ω
n
on

dée
n
om

br
ab

le
.
O

r
ce

tt
e

q
u
es

ti
on

se
p
os

e
tr
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ièe

ce
n
on

tr
u
q
u
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éel
ie

n
n
e

i.
e.

B
(I
R

)
⊂

B
( IR

) .
E

n
ou

tr
e,

{+
∞
}

et
{−

∞
}

so
n
t

d
es

fe
rm

ées
d
e

IR
.

D
’o

ùu
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éec

om
p
os

an
t

g
en

g
=

g
+
−

g
−
,

on
m

on
tr

e
q
u
e

to
u
te

fo
n
ct

io
n

m
es

u
ra

b
le

àa
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éer

ifi
an

t
:

(i
)

µ
(◦/

)
=

0,

(i
i)

S
i
A

n
∈
E,

n
≥

1,
av

ec
A

i
∩

A
j
=

◦/
si

i

=

j,
al

or
s

µ
( ∪

n
≥

1
A

n

) =
∑ n
≥

1
µ

(A
n
)
.

•
S
i
µ

(E
)
<

+
∞

,
µ

es
t

d
it

e
fi
n
ie

(o
u

bo
rn
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u
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èem
e

Λ
(C

)
co

n
te

-
n
an

t
C.

E
n

eff
et

,
P

(E
)

es
t

u
n

λ
-s

y
st
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d
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=
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rèe

m
e

d
e

p
ro

lo
n
ge

m
en

t

O
n

ra
p
p
el

le
q
u
’u

n
e

fa
m

il
le

C
d
e

p
ar

ti
es

d
e

E
es

t
u
n
e

al
gèe
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éee
p
os

it
iv

e
( α

i
≥

0,
(A

i)
1
≤

i≤
n

p
ar

ti
ti

on
E-

m
es

u
ra

b
le

d
e

E
) .

P
ar

d
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éer

ifi
e

q
u
e,

si
α
,

β
∈I

R
+

et
f
,g

so
n
t

m
es

u
ra

b
le

s
p
os

it
iv

es
,

∫ (α
f

+
β
g
)
d
µ

=
α

∫ f
d
µ

+
β

∫ g
d
µ



3.
4.

R
ap

p
el

s
d
e

th
éeo

ri
e

d
e

l’
in

tée
gr

at
io

n
31

•S
i
f

es
t

àa
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éee

s}
∫ f

d
µ

1
=

∫ f
d
µ

2

) ⇒
µ

1
=

µ
2
.

(b
)

S
oi

t
E

lo
ca

le
m

en
t
co

m
p
ac

t
(t

ou
t
p
oi

n
t
ad

m
et

u
n

vo
is

in
ag

e
co

m
p
ac

t)
,
d
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rèe

s
le

th
éeo

rèe
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éeg
al

em
en

t
la

m
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àa

la
fo

is

IP
(X

≤
λ
)

et
IP

(X
≥

λ
)
≥

1 2
.

Il
ex

is
te

to
u
jo

u
rs

au
m

oi
n
s

u
n
e

m
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éed

ia
t

q
u
e

Y
:=

1
−

X
L ∼
B(

{0
,1
},

1/
2)

al
or

s
q
u
e
{X


=
Y
}=

Ω
!

A
va

n
t

d
e

p
as

se
r

au
x

ex
em

p
le

s,
u
n

p
eu

d
e

te
rm

in
ol

og
ie

.
S
i
(E

,E
,m

)
es

t
u
n

es
p
ac

e

m
es

u
rée

et
h
∈
L1 IR

+
(m

)
av

ec
∫ h

d
m

=
1,

il
es

t
ai

sée
d
e

v
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éec

om
p
te

su
r

E
on

p
ar

le
d
e

lo
i
di

sc
rèe
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rèe
m

e
su

r
l’
in

tée
gr

at
io

n
d
es

fo
n
ct

io
n
s

p
ar

ra
p
p
or

t
àa
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éefi

n
it

io
n

d
e

la
lo

i
d
e

X
,
IE

(f
(X

))
=

∫ f
(x

)I
P

X
(d

x
)

p
ou

r
to

u
te

f
b
or
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éee

p
ar

IP
Y

(d
y
)

=
1

σ
√

2π
ex

p

[ −
(y

−
m

)2

2σ
2

] d
y

i.
e.

Y
L ∼
N

(m
,σ

2
)
.

(2
)

P
lu

s
gée

n
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dèe

s
qu

e
f
(a

)
es

t
fin

i.



4.
4.

F
on

ct
io

n
d
e

rée
p
ar

ti
ti

on
d
’u

n
e

v
.a

.r
.

47

P
3
.

S
i
F

X
=

F
Y

al
or

s
X

et
Y

on
t

m
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éer

ifi
an

t
:

∀a
,b

∈
IR

,
µ

(]
a
,b

])
=

F
(b

)
−

F
(a

)
.

R
e
m

a
rq

u
e

:
O

n
p
eu

t
aff

ai
b
li
r

P
3

en
su

p
p
os

an
t

q
u
e

F
X

et
F

Y
cö
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éer

al
em

en
t

d
e

to
u
t

es
p
ac

e
m
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éer

ifi
an

t
:

∀A
1
∈
E 1

,
∀A

2
∈
E 2

,
µ

(A
1
×

A
2
)

=
µ

1
(A

1
)
µ

2
(A

2
)
.



5.
1.

R
ap

p
el

s
su

r
le

s
tr

ib
u
s

et
le

s
m

es
u
re

s
p
ro

d
u
it

s.
T

h
éeo

rèe
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éev

en
tu

el
le

m
en

t
su

r
u
n

en
se

m
b
le

L
eb

es
gu

e
n
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êem

e

lo
i
N

(0
;1

)
.

O
n

p
eu

t
lée

gèe
re

m
en

t
affi

n
er

la
ca

ra
ct
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rèe

s
le

th
éeo

rèe
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éep

en
d
an

te
s

(d
e

ca
rr

ée
in

tée
gr

ab
le

),
al

or
s

C
ov

(U
,V

)
=

0
et

ρ
(U

,V
)

=
0

(l
a

rée
ci

p
ro

q
u
e

es
t

fa
u
ss

e,
cf

.
co

n
tr

e-
ex

em
p
le

V
II

I.
2)

.

D
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rèe

m
e

:
S
i
la

su
it

e
X

1
,.

..
,X

n
,.

..
es

t
co

n
st

it
u
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rèe
m

e,
u
n
e

fo
is

m
on

tr
ée

q
u
e

l’
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éep

en
d
an

te
s

àa
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àa

to
u
te

f
te

ll
e

q
u
e

l’
u
n
e

d
es

d
eu

x
in

tée
gr

al
es

ai
t

u
n

se
n
s.

D
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rèe

m
e

d
e

ca
ra

ct
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rèe
m

e
d
e

F
u
b
in

i
fo

u
rn

it
p
ou

r
to

u
te

f
∈
L1

(µ
1
∗µ

2
),

l’
id

en
ti

tée

(∗
)

∫ f
(z

)
µ

1
∗µ

2
(d

z)
=

∫[ ∫
f

(x
1
+

x
2
)
µ

1
(d

x
1
)] µ

2
(d

x
2
)

=
∫[ ∫

f
(x

1
+

x
2
)
µ

2
(d

x
2
)] µ

1
(d

x
1
)

A
p
p
li
ca

ti
o
n

:
S
i
µ

1
(d

x
1
)

=
f 1

(x
1
)d

x
1

et
µ

2
(d

x
2
)

=
f 2

(x
2
)
d
x

2
,
al

or
s

:

µ
1
∗µ

2
(d

z)
=

f 1
∗f

2
(z

)
d
z

oùu
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rèe

m
e

:
S
i

X
,

Y
so

n
t

d
eu

x
v
.a

.
su

r
(Ω

,A
,I
P

)
in

d
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éec

h
an

ti
ll
on

d
e

v
.a

.
in

d
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éer

an
ce

es
t

b
ie

n
an

tée
ri

eu
re

àa
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éefi

n
it

io
n

d
’u

n
e

su
it

e
d
e

n
om

b
re

s
al

éea
to

ir
es

(u
n
if
or

m
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éer

ifi
an

t
u
n

ce
rt

ai
n

n
om

b
re

d
e

cr
it
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éep
ar

ti
ti

on
p
ar

p
aq

u
et

s,
te

st
s

d
e

n
on

co
rr
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rèe
m

e
d
e

L
ag

ra
n
ge

:

τ
=

ca
rd

(<
a
>

)
|ϕ

(N
)

(o
ùu
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lèe

m
e

se
ra

m
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p
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d
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=
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√
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∫∫ IR
2
f
(x

1
,x

2
)e

x
p
(−

x
2 1
+

x
2 2

2
)d

x
1
d
x

2

2π
=

∫∫
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√
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u
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u
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≤
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≤
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≤
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u
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p
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⇒
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=
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−
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≤
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≥
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)
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F
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èet

e
àa
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p
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∞
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+
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=
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éee

àa
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p
p
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d
éep

en
d
an

te
s

d
e

lo
i
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O
n
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≥
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‖ ∞
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∞
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d
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≥
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≥
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−
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=
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−
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∈
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∑ n
≥

1IP
(W

k
≥

f
(V

k
),

1
≤

k
≤

n
−

1,
W

n
<

f
(V

n
),

V
n
≤

α
)

=
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≤
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≤
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≤
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∞
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≤
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+
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éer

is
ti

q
u
e

s’
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àa
la

se
ct

io
n

3.



7.
2.

F
on

ct
io

n
s

ca
ra

ct
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éem

on
tr

ée
d
an

s
la

se
ct

io
n

3)
:

T
h
ée
o
rèe
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àa
va

le
u
rs

rée
el

le
s.

E
n

eff
et

:

Φ
X

(u
)

=
IE

(e
iu

X
)

=
IE

( e−
iu

X
) =

IE
(e

−
iu

X
)

=
Φ

−
X

(u
)
.

R
e
m

a
rq

u
e

:
O

n
p
eu

t
av

oi
r
l’
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rèe
m

e
d
e

d
éer

iv
at

io
n

so
u
s

le
si

gn
e

∫ (c
f.

se
ct

io
n

5)
:

∀x
∈

IR
∗ +
,

∂ ∂
u

( e(
iu
−

1 β
)x

x
α
−

1
) =

ix
e(

iu
−

1 β
)x

x
α
−

1
.

∀u
∈

IR
,

∣ ∣ ∣ ∣ ∣∂ ∂
u

( e(
iu
−

1 β
)x

x
α
−

1
)∣ ∣ ∣ ∣ ∣≤

e−
1 β
x
x

α
1

IR
∗ +

(x
)
∈
L1

(d
x
)
.

D
on

c
Φ

′ (
u
)

=
i∫ +∞ 0

e(i
u
−

1 β
)x

x
α

d
x

β
α
Γ

(α
).

O
n

in
tèe
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éer
is

ti
q
u
e

7.
3

D
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√
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:
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σ
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it
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µ̂
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it
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d
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.
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→
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p
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p
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ra
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σ
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σ
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−
x
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x
)
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σ
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−
y
)µ
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x
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√
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−
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y
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−
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∣ ∣ ∣ ∣duµ
(d

x
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≤

µ
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d
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e−

‖u
‖2 2
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u

<
+
∞

.

D
’o

ùu ∫ IR
d
ϕ

σ
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)
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x
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=
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√
2π

) −d
∫ IR

d
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|u σ
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π
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( σ

√
2π
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) d
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ϕ

σ
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−
x
)
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x
)

=
( σ

√
2π
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d
e−
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ra
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=
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e

:

∀y
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IR
d
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∀σ

>
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∫ IR
d
ϕ

σ
(y

−
x
)
µ

1
(d

x
)

=
∫ IR

d
ϕ

σ
(y

−
x
)
µ

2
(d

x
)
.
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n
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u
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→
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∫ IR

d
f

(y
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[ ∫ IR

d
ϕ

σ
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−
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µ

1
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)] d
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∫ IR
d
f

(y
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d
ϕ

σ
(y

−
x
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µ
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d
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→
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éee

q
u
e

:
∫ IR

d

[ ∫ IR
d
f

(x
+

σ
z)

µ
1
(d

x
)] ϕ
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︸
=

1

.

F
in

al
em

en
t,

d
e

ce
tt

e
co

n
ve

rg
en

ce
et

d
e

l’
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p
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ra
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rèe

m
e

d
’i
n
v
e
rs

io
n

:

O
n

re
m

ar
q
u
e

q
u
e

ϕ
1
(σ

u
)

→ σ
→
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=
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p
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∈
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p
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p
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∫ IR
d
e−

i(
u
|y

) µ̂
(u

)
ϕ

1
(σ

u
)
d
u
−→ σ
→

0
(2

π
)−

d
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] d
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︸

:=
g
(y

)

d
y
.

g
es

t
àa
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u
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−
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≤
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↗
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≤
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=
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−
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p
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=
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p
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en
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→

IR
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≤
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→
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≤
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≤
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+

..
.+

X
n

=
Φ

X
1
×

..
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ra
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p
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··
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=
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e
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⊗
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=
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+
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éep

en
d
an

ce
.

#

A
p
p
li
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⇒
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⇒
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) ⇒
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+

λ
′2
σ

′ 2
) .

oùu
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=
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.
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⇒
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p
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éer

iv
ab

le
en

0
al

or
s
IE

(X
2
n
)
<

+
∞

(e
t
d
on

c
X

ad
m

et
d
es

m
om

en
ts

d
e

to
u
s

or
d
re

s
ju

sq
u
’àa
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éem

on
st

ra
ti

on
:

n
=

1.
D

’a
p
rèe
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àa
l’
in

fi
n
i
d
e

(l
a

d
en

si
tée

d
e)

sa
lo

i.
C

es
rée

su
lt

at
s

co
n
st

it
u
en

t
en

p
ra

ti
q
u
e

u
n

m
oy

en
co

m
m

o
d
e

p
ou

r
(r

e-
)t

ro
u
ve

r
le

s
m

om
en

ts
d
’u

n
e

v
.a

..

E
x
e
m

p
le

:
S
i
X

L ∼
N

(0
,σ

2
)

al
or

s
∀n

∈
IN

,
IE

(X
2
n
)

=
σ

2
n

2n
(2

n
)!

n
!

.

E
n

eff
et

Φ
X

(t
)

=
ex

p
( −

σ
2 2
t2

) =
∑ k
≥

0
(−

1)
k

σ
2
k

2k
·t2

k

k
!
∈
C∞

(I
R

)
d
on

c
:

82
C

h
ap

it
re

7.
F
on

ct
io

n
ca

ra
ct
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rèe
m

e
d
e

co
n
ve

rg
en

ce
d
om

in
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éee
d
e

L
ap

la
ce

d
e

p
rée

fée
re

n
ce

àa
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éev

id
em

m
en

t
d
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éer
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àa
la

m
ai

n
;
P

2
d
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éee
(i

.e
.

d
e

ra
n
g
≤

d
−

1)
,

il
ex

is
te

u
∈I

R
d

te
l

q
u
e

t u
D

(X
)u

=
0

so
it

en
co

re
V

ar
( n ∑ k

=
1
u

k
X

k

) =
0,

so
it

en
co

re
n ∑ k
=

1

u
k
X

k
=

n ∑ k
=

1

u
k
IE

(X
k
)
p.

s.
.

E
n

d
’a

u
tr

es
te

rm
es

:

D
(X

)
d
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êem

e,
on

n
ot

er
a

m
:=

IE
(X

).

D
ée
fi
n
it

io
n

:
U

n
ve

ct
eu

r
ga

u
ss

ie
n

X
es

t
n
on

dée
gée

n
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éet
ée

P
1

ci
-a

va
n
t,

q
u
e

la
m

at
ri

ce
Σ

(2
)
es

t
n
on

-d
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éem

on
st

ra
ti

on
:
⇐

=
:
S
i
Σ

(2
)
es

t
d
e

la
fo

rm
e

ci
-d

es
su

s,
on

v
éer

ifi
e

im
m
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éev
id

en
t

..
.e

t
re

st
e

v
ra

i
en

d
eh

or
s

d
u

ca
d
re

ga
u
ss

ie
n
.

#

C
o
ro

ll
a
ir

e
:

E
n

fa
is

an
t

d
k

=
1,

1
≤

k
≤

d
=

p
d
an

s
l’
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éet
an

t
sy

m
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éet

Σ
(2

)
ex

p
[ −

1 2

t (x
−

m
)
( Σ

(2
)) −1

(x
−

m
)] d

x

oùu
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ùu
la

d
en

si
tée

p
ro

d
u
it

d
on

n
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êem

e
p
ro

b
ab

il
it

ée
IP

(A
k
)

=
1

|E
|N

>
0.

D
on

c
∑ k

IP
(A

k
)

=
+
∞

et
p
ar

ta
n
t

IP
( li

m n
A

n

) =
1,

i.
e.

IP
({ ω

/c
ar

d
{ k

/
( X

(k
−

1
)N

+
1
,.

..
,X

k
N

) =
T

} =
∞

}) =
1.



9.
2.

D
iv

er
s

m
o
d
es

d
e

co
n
ve

rg
en

ce
93

9.
2

D
iv

er
s

m
o
d
es

d
e

co
n
ve

rg
en

ce

S
oi

t
X

n
,

n
≥

1,
u
n
e

su
it

e
d
e

v
.a

.
àa
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éem

on
st

ra
ti

on
:

S
u
r

u
n

es
p
ac

e
m
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éeq

u
i-
in

tée
gr

ab
le

).

E
x
e
m

p
le

2
:

B
or

n
it

u
d
e

d
es

m
om

en
ts

.

S
’i
l
ex

is
te

α
∈

]1
,+

∞
[
te

l
q
u
e

su
p

X
∈F

IE
‖X

‖α
<

+
∞

,
al

or
s
F

es
t
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éen
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èer

e
Ω

=
E

,A
=

E,
IP

=
µ

et
X

k
:=

π
E

k
p
ro

je
ct

io
n

ca
n
on

iq
u
e

d
e

E
su

r
E

k
.

O
n

v
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rèe
m

e
en

ta
n
t

q
u
e

te
l
es

t
m

oi
n
s

im
p
or

ta
n
t

q
u
e

le
p
rée

cée
d
en

t.
E

n
ou

tr
e,

il
re

q
u
ie

rt
q
u
e

le
s

X
n

so
ie

n
t

in
d
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èes

q
u
e

k

=

�.
D

’a
u
tr

e
p
ar

t,

S
2 n

=
S

2 k
+

(S
n
−

S
k
)2

+
2S

k
(S

n
−

S
k
)

O
r

IE
(1

A
k
S

k
(S

n
−

S
k
))

=
IE

(1
A

k
S

k
)
IE

(S
n
−

S
k
)

=
0

ca
r

S
n
−

S
k

es
t

in
d
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âac

e
àa
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éem

on
st

ra
ti

on
:

(a
)

D
u

th
éeo

rèe
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C
om

m
e

f
=

f p
+

f
(1

−
ϕ

p
(‖

.‖)
)

et
‖f

‖ ∞
=

su
p

x
∈I

R
d

|f
(x

)|
<

+
∞

,
il

v
ie

n
t

:

∣ ∣ ∣ ∣∫ f
d
µ

n
−

∫ f
d
µ

∣ ∣ ∣ ∣
≤

∣ ∣ ∣ ∣∫ f p
d
µ

n
−

∫ f p
d
µ

∣ ∣ ∣ ∣+‖
f
‖ ∞

( ∫
(1

−
ϕ

p
(‖

x
‖)

)
µ

(d
x
)
+

∫ (1
−

ϕ
p
(‖

x
‖)

)
µ

n
(d

x
)) ,

≤
∣ ∣ ∣ ∣∫ f p

d
µ

n
−

∫ f p
d
µ

∣ ∣ ∣ ∣+‖
f
‖ ∞

( 2
−

∫ ϕ
p
(‖

x
‖)

µ
(d

x
)
−

∫ ϕ
p
(‖

x
‖)

µ
n
(d

x
)) ,

d
’o

ùu
li
m n

∣ ∣ ∣ ∣∫ f
d
µ

n
−

∫ f
d
µ

∣ ∣ ∣ ∣≤
0

+
2
‖f

‖ ∞
( 1

−
∫ ϕ

p
(‖

x
‖)

µ
(d

x
)) p

ou
r

to
u
t

p
≥

1.

O
r

∫ ϕ
p
(‖

x
‖)

µ
(d

x
)

→
p
→

+
∞

∫ 1d
µ

=
1

p
ar

co
n
ve

rg
en

ce
d
om

in
éee

ca
r
ϕ

p
↑1

.
C

el
a

ac
h
èev

e

la
d
éem

on
st

ra
ti

on
.

#

R
e
m

a
r q

u
e
s

:
(1

)
S
i

µ
n

et
µ

so
n
t

se
u
le

m
en

t
fi
n
ie

s,
le

rée
su

lt
at

su
b
si

st
e

so
u
s

rée
se

rv
e

d
’a

jo
u
te

r
l’
h
y
p
ot

h
èes

e
:

µ
n
(I
R

d
)
→

µ
(I
R

d
).

(2
)

S
i
l’
on

a
se

u
le

m
en

t
µ

n
(I
R

d
) n

≥
1
,
bo

rn
éee

,
il

su
b
si

st
e

le
rée

su
lt

at
p
lu

s
fa

ib
le

:

∀f
∈
C K

( IR
d
,I
R

)∫
f
d
µ

n
→

∫ f
d
µ
⇒

    (i
)

µ
( IR

d
) ≤

li
m n

µ
n

( IR
d
) <

+
∞

,

(i
i)

∀f
∈
C 0

( IR
d
,I
R

)∫
f
d
µ

n
→

∫ f
d
µ
.

E
n

eff
et

,
∀p

≥
1,

∫ ϕ
p
(‖

x
‖)

µ
(d

x
)

=
li
m n

∫ ϕ
p
(‖

x
‖)

d
µ

n
≤

1×
li
m n

µ
n

( IR
d
) .

D
’o

ùu
,
p
ar

le
le

m
m

e
d
e

F
at

ou
:

µ
( IR

d
) =

∫ li
m p

ϕ
p
(‖

x
‖)

µ
(d

x
)
≤

li
m p

∫ ϕ
p
(‖

x
‖)

µ
(d

x
)
≤

li
m n

µ
n

( IR
d
) .

S
oi

t
m

ai
n
te

n
an

t
f
∈
C 0

( IR
d
,I
R

) .
A

ve
c

le
s

n
ot

at
io

n
s

d
e

la
p
re

u
ve

d
e

la
p
ro

p
os

it
io

n
1,

on
a

f
=

f p
+

f
1
{‖

x
‖≥

p
}
(1

−
ϕ

p
(‖

.‖)
).
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éet

ro
it

e
d
e

m
es

u
re

s
d
e

p
ro
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9

D
’o

ùu
il

v
ie

n
t

:
∀p

≥
1,

li
m n

∣ ∣ ∣ ∣∫ f
d
µ

n
−

∫ f
d
µ

∣ ∣ ∣ ∣≤
su

p
‖x

‖≥
p

|f
(x

)|
( µ

( IR
d
) +

li
m n

µ
n

( IR
d
) −

2
∫ ϕ

p
(‖

x
‖)

µ
(d

x
)) −→

p
→

+
∞

0.

E
x
e
m

p
le

(s
u
r

le
s

re
m

ar
q
u
es

)
:

µ
n

=
1 2

( δ
1 n

+
δ n

) et
µ

=
1 2
δ 0

.
O

n
co

n
st

at
e

q
u
e

µ
n
(I
R

)

n
e

te
n
d

p
as

ve
rs

µ
(I
R

),
m

ai
s

q
u
e

∫ f
d
µ

n
→

∫ f
d
µ

si
f
∈

C 0
(I
R

,I
R

).
E

n
re

va
n
ch

e,

∫ si
n

(x
)
µ

n
(d

x
)

=
si

n
1 n

+
si

n
n

2
→/

1 2
si

n
0

=
0

b
ie

n
q
u
e

si
n

(.
)
∈
C b

(I
R

,I
R

).

A
p
p
li
ca

ti
o
n

àa
la

co
n
v
e
rg

e
n
ce

ée
tr

o
it

e
d
e
s

p
ro

b
a
b
il
it
ée
s

d
is

cr
èe
te

s.

S
oi

t
E

u
n
e

p
ar

ti
e

d
e

IR
d

lo
ca

le
m

en
t

fi
n
ie

i.
e.

te
ll
e

q
u
e,

p
ou

r
to

u
t

co
m

p
ac

t
K

d
e

IR
d
,

E
∩

K
so

it
fi
n
i

(t
y
p
iq

u
em

en
t

E
es

t
fi
n
i

ou
E

:=
IN

d
,Z

d
,

..
.)

.
U

n
te

l
en

se
m

b
le

es
t

n
éec

es
sa

ir
em

en
t

d
éen

om
b
ra

b
le

ca
r

E
=

∪ n
≥

1
(E

∩
B

(o
;n

))
.

S
oi

en
t

µ
n

et
µ

d
es

p
ro

b
ab

i-
li
tée

s
v
éer

ifi
an

t
µ

n
(E

)
=

µ
(E

)
=

1.
A

lo
rs

:

µ
n
⇒

µ
si

et
se

u
le

m
en

t
si
∀e

∈
E

µ
n
({

e}
)
→

µ
({

e}
).

D
éem

on
st

ra
ti

on
:

S
oi

t
e 0

∈
E

.
C

om
m

e
E

∩
B

(e
0
,1

)
es

t
fi
n
i,

il
ex

is
te

r 0
te

l
q
u
e

E
∩

B
(e

0
,r

0
)

=
{e

0
}

(p
re

n
d
re

r 0
:=

m
in
{|e

0
−

e|,
e
∈

B
(e

0
,1

)
∩

E
})

.
O

n
p
os

e
F

0
(x

)
:=

m
ax

(r
0
−

|x
−

e 0
|,0

),
x
∈

IR
d
.

L
a

fo
n
ct

io
n

f 0
es

t
cl

ai
re

m
en

t
co

n
ti

n
u
e

et
b
or

n
éee

d
on

c
∫ f e

d
µ

n
→

∫ f e
d
µ
.

O
r

∫ f 0
d
µ

n
=

r 0
µ

n
({

e 0
})

et
∫ f 0

d
µ

=
r 0

µ
({

e 0
})

,
d
’o

ùu
le

rée
su

lt
at

.

R
éec

ip
ro

q
u
em

en
t,

p
ou

r
to

u
te

fo
n
ct

io
n

f
∈
C K

( IR
d
,I
R

) ,

∫ f
d
µ

n
=

∑
x
∈E

∩s
u
p
p

(f
)

f
(x

)µ
n
({

x
})

−→
n
→

+
∞

∑
x
∈E

su
p
p

(f
)

f
(x

)µ
({

x
})

(E
∩

su
p
p
(f

)
es

t
fi
n
i

p
u
is

q
u
e

f
es

t
àa

su
p
p
or

t
co

m
p
ac

t)
.

D
’o

ùu
le

rée
su

lt
at

d
’a

p
rèe

s
la

p
ro

p
os

it
io

n
1.

#

E
x
em

p
le

s
:

(1
)

C
on

ve
r g

en
ce

d
’u

n
e

b
in

ôom
ia

le
B(

n
;p

n
),

n
p n

→
λ

>
0.

N
ou

s
av

on
s

v
u

(c
f.

ch
ap

.
I.
4)

q
u
e

so
u
s

l’
h
y
p
ot

h
èes

e
ci

-d
es

su
s,

si
µ

n
:=

B(
n
;p

n
),

∀k
∈

IN
,

µ
n
({

k
})

−→
n
→

+
∞

e−
λ
λ

k k
!.

O
n

en
d
éed

u
it

d
on

c
(a

ve
c

E
=

IN
)

q
u
e

:
B

(n
;p

n
)
⇒

P
(λ

)
.

(2
)

C
on

ve
rg

en
ce

d
’u

n
e

lo
i
h
y
p
er

gée
om

éet
ri

q
u
e

ve
rs

u
n
e

b
in

om
ia

le
.

11
0

C
h
ap

it
re

10
.

C
on

ve
rg

en
ce

en
lo

i

S
oi

t
µ

(N
1
,N

2
)
=

H
(n

;N
1
;N

2
).

A
lo

rs
:

N
1

et
N

2
→

+
∞

N
1

N
1
+

N
2

→
p
∈

]0
,1

[

    ⇒
( µ

(N
1
,N

2
)
⇒

B
(n

;p
))

E
n

eff
et

,
si

k
∈
{0

,.
..
,N

},
IP

(X
n

=
k
)

=
C

k N
1
C

n
−

k
N

2

C
n N

1
+

N
2

so
it

en
co

re

IP
(X

N
=

k
)

=

N
1
!

k
!(

N
1
−

k
)!

N
2
!

(n
−

k
)!

(N
2
−

n
+

k
)!

(N
1
+

N
2
)!

n
!(

N
1
+

N
2
−

n
)!

=
n
!

k
!(

n
−

k
)!
×

N
1

N
1
+

N
2

×
N

1
−

1

N
1
+

N
2
−

1
×

..
.×

N
1
−

k
+

1

N
1
+

N
2
−

k
+

1
×

N
2

N
1
+

N
2
−

k
×

N
2
−

1

N
1
+

N
2
−

k
−

1
×

..
.×

N
2
−

n
+

k
+

1

N
1
+

N
2
−

n
+

1

N
1
,N

2
→

+
∞

−→
N

1
N

1
+

N
2
→

p
∈]

0
,1

[

C
k n
pk

(1
−

p)
n
−

k
.

O
n

n
ot

er
a

le
ca

ra
ct

èer
e

in
tu

it
if

d
e

ce
rée

su
lt

at
.

R
ev

en
on

s
m

ai
n
te

n
an

t
au

ca
s

gée
n
éer

al
.
E

n
fa

it
on

p
eu

t
affi

n
er

la
p
ro

p
os

it
io

n
1

en
:

P
ro

p
o
si

ti
o
n

2
:

S
oi

en
t

µ
n
,n

≥
1,

et
µ

d
es

p
ro

b
ab

il
it

ées
et

C
⊂

C 0
( IR

d
,I
R

) :=

{ f
:
IR

d
→

IR
co

n
ti

n
u
e,

li
m

‖x
‖→

+
∞

f
(x

)
=

0} .

A
lo

rs
:

(i
)

C
to

ta
l
d
an

s
( C 0

( IR
d
,I
R

) ,‖
.‖ ∞

)
(i

i)
∀f

∈
C,

∫ f
d
µ

n
→

∫ f
d
µ

    ⇒
(µ

n
⇒

µ
).

D
éem

on
st

ra
ti

on
:

S
oi

t
f
∈
C K

( IR
d
,I
R

) ⊂
C 0

( IR
d
,I
R

) et
f p

∈
v
ec

t(
C)

,
p
≥

1,
te

ll
es

q
u
e

‖f
−

f p
‖ ∞

→
0. ∣ ∣ ∣ ∣∫ f

d
µ
−

∫ f
d
µ

n

∣ ∣ ∣ ∣≤
∣ ∣ ∣ ∣∫ f p

d
µ
−

∫ f p
d
µ

n

∣ ∣ ∣ ∣+2
‖f

−
f p
‖ ∞

.

O
r

∫ f p
d
µ

n
−→

n
→

+
∞

∫ f p
d
µ

p
ar

li
n
éea

ri
tée

v
ia

(i
i)

,
d
on

c

li
m n

∣ ∣ ∣ ∣∫ f
d
µ
−

∫ f
d
µ

n

∣ ∣ ∣ ∣≤
2
‖f

−
f p
‖ ∞

p
ou

r
to

u
t

p
≥

1.
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1

D
’o

ùu
∫ f

d
µ

n
→

∫ f
d
µ

d
èes

q
u
e

f
∈
C K

( IR
d
,I
R

) .
L
e

rée
su

lt
at

fi
n
al

d
éec

ou
le

d
e

la
p
ro

p
o-

si
ti

on
1.

#

R
e
m

a
rq

u
e
s

:
•

C
e

rée
su

lt
at

s’
éet

en
d

au
x

m
es

u
re

s
fi
n
ie

s
en

a
jo

u
ta

n
t

(i
ii

)
:
µ

n

( IR
d
) →

µ
( IR

d
) .

•
L
’ée

n
on

cée
co

n
ti

en
t

éev
id

em
m

en
t

la
p
ro

p
os

it
io

n
1

p
u
is

q
u
e
C K

(I
R

d
,I
R

)
es

t
d
en

se
d
an

s

C 0
(I
R

d
,I
R

).
E

n
fa

it
,
C 0

(I
R

d
,I
R

)
es

t
l’
ad

h
éer

en
ce

d
e
C K

(I
R

d
,I
R

)
d
an

s
C b

( IR
d
,I
R

) p
ou

r
la

to
p
ol

og
ie

d
e

la
n
or

m
e

u
n
if
or

m
e

su
r

IR
d

et
c’

es
t

la
ra

is
on

d
e

l’
ap

p
ar

it
io

n
d
e
C 0

( IR
d
,I
R

)
d
an

s
ce

t
éen

on
cée

.

A
p
p
li
ca

ti
o
n

:
C

ar
ac

tée
ri

sa
ti

on
d
e

la
co

n
ve

rg
en

ce
éet

ro
it
e

p
ar

la
tr
an

sf
or

m
éee

de
L
ap

la
ce

.
O

n
se

p
la

ce
su

r
(I
R

+
,B

(I
R

+
))

.
S
oi

t
µ

n
,n

≥
1,

et
µ

d
es

p
ro

b
ab

il
it

ées
.
A

lo
rs

:

µ
n
⇒

µ
si

et
se

u
le

m
en

t
si

µ̃
n
→

µ̃
.

E
n

eff
et

C
:=

{e
−

s.
,s

>
0}

es
t

to
ta

l
d
an

s
(C

0
(I
R

+
,I
R

)
,‖

.‖ ∞
)

(c
f.

V
I.
6)

.

N
ou

s
al

lo
n
s

d
on

n
er

u
n
e

ca
ra

ct
éer

is
at

io
n

d
e

la
co

n
ve

rg
en

ce
éet

ro
it

e
su

r
le

s
b
or

éel
ie

n
s

d
e

IR
d
,
co

n
n
u
e

so
u
s

le
n
om

d
e

th
éeo

rèe
m

e
P

or
te

-m
an

te
au

.

T
h
ée
o
rèe

m
e

1
:

L
es

as
se

rt
io

n
s

su
iv

an
te

s
so

n
t

éeq
u
iv

al
en

te
s

:

(i
)

µ
n
⇒

µ
,

(i
i)

∀O
⊂

IR
d
,O

ou
ve

rt
,
µ

(O
)
≤

li
m n

µ
n
(O

),

(i
ii

)
∀F

⊂
IR

d
,F

fe
rm

ée,
µ

(F
)
≥

li
m n

µ
n
(F

),

(i
v
)
∀A

∈
B

( IR
d
) ,

µ
(∂

A
)

=
0
⇒

µ
n
(A

)
→

µ
(A

)
[ oùu

∂
A

:=
A
\

o A

] ,

D
éem

on
st

ra
ti

on
:

(i
)
⇒

(i
i)

:
O

n
co

n
si

d
èer

e,
p
ou

r
to

u
t

en
ti

er
p
≥

1,
la

fo
n
ct

io
n

f p
d
éefi

n
ie

p
ar

f p
(x

)
:=

m
in

(1
,p

d
(x

,
c
O

))
.

Il
es

t
cl

ai
r

q
u
e

le
s

fo
n
ct

io
n
s

f p
so

n
t

co
n
ti

n
u
es

,
àa

va
le

u
rs

d
an

s
[0

,1
]

et
q
u
e

f p
≤

f p
+

1
.

D
’a

u
tr

e
p
ar

t,
c
O

éet
an

t
fe

rm
ée,

d
(x

,
c
O

)
=

0
si

et
se

u
le

m
en

t
si

x
/∈

O
.

P
ar

su
it

e

f p
↑1

O
.

P
ar

su
it

e,
p
ou

r
to

u
t

p
≥

1
∫ f p

d
µ

n
→

∫ f p
d
µ
.

D
’o

ùu

∀p
≥

1,
li
m n

µ
n
(O

)
≥

li
m n

∫ f p
d
µ

n
=

∫ f p
d
µ
.

E
n
fi
n

∫ f p
d
µ
↑µ

(O
)

q
u
an

d
p
→

=
∞

p
ar

co
n
ve

rg
en

ce
m

on
ot

on
e.

(i
i)
⇐
⇒

(i
ii

)
:

E
v
id

en
t

p
ar

p
as

sa
ge

au
co

m
p
lée

m
en

ta
ir

e.

11
2

C
h
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it
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10
.

C
on

ve
rg

en
ce

en
lo

i

(i
ii

)
⇒

(i
v
)

:
o A
⊂

A
⊂

A
d
on

c

µ
( o A

) ≤
li
m n

µ
n

( o A

) ≤
li
m n

µ
n
(A

)
≤

li
m n

µ
n
(A

)
≤

li
m n

µ
n

( A
) ≤

µ
( A

) .

O
r

µ
( o A

) =
µ
(A

)
=

µ
(A

)
p
ar

h
y
p
ot

h
èes

e,
d
on

c

µ
(A

)
=

li
m n

µ
n
(A

)
=

li
m n

µ
n
(A

)
=

li
m n

µ
n
(A

)
.

(i
v
)
⇒

(i
i)

:
∂
O

ε
=

{x
/d

(x
,c

O
)

=
ε}

.
Il

es
t

cl
ai

r
q
u
e,

µ
éet

an
t

u
n
e

p
ro

b
ab

il
it
ée,

I n
:=

{ε
/
µ

(∂
O

ε
)
≥

1/
n
}

a
au

p
lu

s
n

éel
éem

en
ts

d
on

c
{ε

/
µ

(∂
O

ε
)
>

0}
=

∪
n
≥

1
I n

es
t

au
p
lu

s

d
éen

om
b
ra

b
le

.
P
ar

co
n
sée

q
u
en

t,
co

m
m

e
1

O
ε
↑1

O
q
u
an

d
ε
↓0

,
il

ex
is

te
ε p

,
p
≥

1,
te

l
q
u
e
1

O
ε
p
↑1

O

et
µ

( ∂
O

ε p

) =
0.

D
’o

ùu ∀p
≥

1,
µ

( O
ε p

) =
li
m n

µ
n

( O
ε p

) ≤
li
m n

µ
n
(O

).

O
n

co
n
cl

u
t

en
re

m
ar

q
u
an

t
q
u
e

µ
(O

ε p
)
↑µ

(O
)

q
u
an

d
p
↑+

∞
.

(i
i)

⇒
(i

)
:

S
oi

t
f
∈
C b

( IR
d
,I
R

) .
A

u
n
e

tr
an

sf
or

m
at

io
n

affi
n
e

p
rèe

s,
on

p
eu

t
su

p
p
os

er

q
u
e

:
0
≤

f
<

M
.

P
ou

r
to

u
t

p
≥

1,
on

p
os

e
f p

:=
M

∑
0
≤

k
≤

p
−

1

k p
1
{k p

M
≤

f
<

k
+

1
p

M
}

et

A
(p

)
k

:=

{ f
<

k p
M

} ,
0
≤

k
≤

p.
O

n
v
éer

ifi
e

au
ss

it
ôot

q
u
e

:
0
≤

f
−

f p
≤

M p
et

,
en

in
tée

gr
an

t
p
ar

ra
p
p
or

t
àa

µ
,

∫ f p
d
µ

=
M p

p
−

1 ∑ k
=

0

k
( µ

( A
(p

)
k
+

1

) −
µ

( A
(p

)
k

)) =
M p

  (p
−

1)
µ

( A
(p

)
p

) −
p
−

1 ∑ k
=

1

µ
( A

(p
)

k

)  .
C

et
te

id
en

ti
tée

es
t

au
ss

i
v
éer

ifi
éee

en
re

m
p
la

çca
n
t

µ
p
ar

µ
n
.

R
em

ar
q
u
an

t
al

or
s

q
u
e

A
(p

)
p

=
IR

d
,
A

(p
)

0
=

◦/
et

q
u
e

le
s

A
(p

)
k

,k
≤

p
−

1,
so

n
t

ou
ve

rt
s,

il
v
ie

n
t,

p
ou

r
to

u
t

p
≥

1
:

li
m n

∫ f p
d
µ

n
≤

M p

( (p
−

1)
li
m n

µ
n

( A
(p

)
p

) +
li
m n

( −
p
−

1 ∑ k
=

1
µ

n

( A
(p

)
k

)))

≤
M p

( (p
−

1)
li
m n

µ
n

( A
(p

)
p

) −
p
−

1 ∑ k
=

1
li
m n

µ
n

( A
(p

)
k

))

≤
M p

( (p
−

1)
µ

( A
(p

)
p

) −
p
−

1 ∑ k
=

1
µ

( A
(p

)
k

)) =
∫ f p

d
µ
≤

∫ f
d
µ
.

P
ar

ta
n
t,

li
m n

∫ f
d
µ

n
≤

M p
+

li
m n

∫ f p
d
µ

n
≤

M p
+

∫ f
d
µ

p
ou

r
to

u
t

p
≥

1.

D
’o

ùu
li
m n

∫ f
d
µ

n
≤

∫ f
d
µ
.
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C

on
ve

rg
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ce
en

lo
i
d
e

va
ri

ab
le

s
al

éea
to

ir
es

11
3

C
om

m
e

0
<

M
−

f
≤

M
<

2M
et

M
−

f
∈
C( IR

d
,I
R

) ,
on

a
d
e

m
êem

e

li
m n

∫ (M
−

f
)
d
µ

n
≤

∫ (M
−

f
)
d
µ

d
’o

ùu
,
im

m
éed

ia
te

m
en

t,
∫ f

d
µ
≤

li
m n

∫ f
d
µ

n
.

F
in

al
em

en
t

:
∫ f

d
µ

=
li
m n

∫ f
d
µ

n
=

li
m n

∫ f
d
µ

n
=

li
m n

∫ f
d
µ

n
.

#

C
o
ro

ll
a
ir

e
1

:
(a

)
S
oi

t
h

:
IR

d
→

IR
p

b
or

éel
ie

n
n
e

et
µ

n
et

µ
d
es

p
ro

b
ab

il
it

ées
su

r
(I
R

d
,B

(I
R

d
))

.
A

lo
rs

:

(i
)

µ
({

x
/h

n
’e

st
p
as

co
n
ti

n
u
e

en
x
})

=
0

(i
i)

µ
n
⇒

µ

} ⇒
(h

(µ
n
)
⇒

h
(µ

))
.

(b
)

S
i
h

es
t

en
ou

tr
e

àa
va

le
u
rs

rée
el

le
s

et
b
or

n
éee

al
or

s
∫ h

d
µ

n
→

∫ h
d
µ
.

D
éem

on
st

ra
ti

on
:

(a
)

S
oi

t
F

u
n

fe
rm

ée
d
e

IR
p

et
x
∈

h
−

1
(F

).
S
oi

t
x

n
∈

h
−

1
(F

),
x

n
→

x
.

S
i
h

es
t

co
n
ti

n
u
e

en
x
,
h

(x
)

=
li
m n

h
(x

n
)
∈

F
=

F
d
on

c

h
−

1
(F

)
⊂

h
−

1
(F

)
∪

D
is

c
(h

)

oùu
D

is
c
(f

)
:=

{ x
∈

IR
d
/f

es
t

d
is

co
n
ti

n
u
e

en
x

} .
P
ar

su
it

e,
il

v
ie

n
t

d
’a

p
rèe

s
le

(i
ii

)
d
e

la
p
ro

p
os

it
io

n
ci

-d
es

su
s

:

li
m n

h
(µ

n
)
(F

)
=

li
m n

µ
n
(h

−
1
(F

))
≤

li
m n

µ
n

( h
−

1
(F

)) ≤
µ

( h
−

1
(F

))
≤

µ
(h

−
1
(F

))
+

µ
(D

is
c
(h

))
︸

︷︷
︸

=
0

=
µ
(h

−
1
(F

))
=

h
(µ

)(
F

).

(b
)

C
om

m
e

h
(µ

n
)
⇒

h
(µ

),
∫ f

◦h
d
µ

n
→

∫ f
◦h

d
µ
,
∀f

∈
C b

(I
R

p
,I
R

),
d
on

c
en

p
ar

ti
-

cu
li
er

p
ou

r
le

s
f k

(x
)

=
x
1
{|

x
|≤

k
}
+

k
x |x
|1

{|
x
|>

k
},

k
>

0.
O

r
p
ou

r
k

su
ffi

sa
m

m
en

t
gr

an
d

f k
◦h

=
h
.

#

N
ou

s
al

lo
n
s

m
ai

n
te

n
an

t
re

ve
n
ir

au
x

v
.a

.
en

in
tr

o
d
u
is

an
t

la
co

n
ve

rg
en

ce
en

lo
i.

10
.2

C
on

ve
rg

en
ce

en
lo

i
d
e

va
ri

ab
le

s
al

éea
to

ir
es

D
ée
fi
n
it

io
n

:
S
oi

en
t

X
n
,n

≥
1,

et
X

d
es

va
ri

ab
le

s
al

éea
to

ir
es

àa
va

le
u
rs

d
an

s
IR

d
,
d
≥

1.
O

n
d
ir

a

q
u
e

X
n

co
n
ve

rg
e

en
lo

i
ve

rs
X

,
(n

ot
ée

“X
n

L →
X

”)
si

et
se

u
le

m
en

t
si

IP
X

n
⇒

IP
X

(l
es

lo
is

co
n
ve

rg
en

t
éet

ro
it

em
en

t)
.

11
4

C
h
ap

it
re

10
.

C
on

ve
rg

en
ce

en
lo

i

S
u
r

u
n

p
la

n
p
ra

ti
q
u
e,

ce
la

se
tr

ad
u
it

àa
l’
ai

d
e

d
u

th
éeo

rèe
m

e
d
e

la
m

es
u
re

im
ag

e
p
ar

:

X
n

L →
X

si
et

se
u
le

m
en

t
si
∀f

∈
C b

( IR
d
,I
R

) IE
(f

(X
n
))

→
IE

(f
(X

))
.

A
u

v
u

d
es

rée
su

lt
at

s
p
rée

cée
d
en

ts
on

p
eu

t
affi

rm
er

q
u
e

la
lo

i
li
m

it
e

es
t

u
n
iq

u
e,

q
u
e

l’
en

se
m

b
le

d
es

fo
n
ct

io
n
s-

te
st

p
eu

t-
êet

re
rée

d
u
it

àa
C K

( IR
d
,I
R

) ,
vo

ir
e

àa
u
n
e

p
ar

ti
e

to
ta

le

(p
ou

r
la

n
or

m
e

u
n
if
or

m
e)

C
⊂

C 0
( IR

d
,I
R

) .
E

n
p
ar

ti
cu

li
er

,
si

X
n

et
X

so
n
t

rée
el

le
s

po
si

ti
ve

s

X
n

L →
X

si
et

se
u
le

m
en

t
si

µ̃
X

n
→

µ̃
X

(t
ra

n
sf

or
m

éee
d
e

L
ap

la
ce

).

L
a

tr
ad

u
ct

io
n

d
u

th
éeo

rèe
m

e
p
or

te
-m

an
te

au
et

d
e

so
n

co
ro

ll
ai

re
es

t
im

m
éed

ia
te

:

P
ro

p
o
si

ti
o
n

3
:

Il
y

a
éeq

u
iv

al
en

ce
en

tr
e

:

(i
)

X
n

L →
X

,
(i

i)
∀O

⊂
IR

d
,O

ou
ve

rt
,
IP

(X
∈

O
)
≤

li
m n

IP
(X

n
∈

O
),

(i
ii

)
∀F

⊂
IR

d
,F

fe
rm

ée,
IP

(X
∈

F
)
≥

li
m n

IP
(X

n
∈

F
),

(i
v
)
∀A

∈
B

( IR
d
) ,I

P
(X

∈
∂
A

)
=

0
⇒

IP
(X

∈
A

)
=

li
m n

IP
(X

n
∈

A
).

C
o
ro

ll
a
ir

e
:

S
oi

t
h

:
IR

d
→

IR
p
,
b
or

éel
ie

n
n
e

et
X

n
L →

X
su

r
IR

d
.

A
lo

rs
:

IP
(X

∈
D

is
c
(h

))
=

0
⇒

h
(X

n
)

L →
h

(X
)

(e
t

IE
(h

(X
n
))

→
IE

(h
(X

))
si

h
es

t
bo

rn
éee

)

A
p
p
li
ca

ti
o
n

(c
a
ra

ct
ée
ri

sa
ti

o
n

d
e

la
co

n
v
e
rg

e
n
ce

e
n

lo
i
d
e
s

v
.a

.r
.

p
a
r

le
s

fo
n
c-

ti
o
n
s

d
e

rée
p
a
rt

it
io

n
s)

:

T
h
ée
o
rèe

m
e

2
:

S
oi

en
t

X
n
,n

≥
1,

et
X

d
es

v
.a

.r
.

d
e

fo
n
ct

io
n
s

d
e

rée
p
ar

ti
ti

on
re

sp
ec

ti
ve

s
F

n
et

F
.

A
lo

rs
:

X
n

L →
X

si
et

se
u
le

m
en

t
si
∀x

∈
C

on
t
(F

)
,

F
n
(x

)
−→

n
→

+
∞

F
(x

)

oùu
C

on
t
(F

)
:=

{x
∈

IR
/F

es
t

co
n
ti

n
u
e

en
x
}.

D
éem

on
st

ra
ti

on
(p

ar
ti

el
le

)
:
⇒

:
F

es
t

co
n
ti

n
u
e

en
x

si
et

se
u
le

m
en

t
si

IP
X

({
x
})

=
0

i.
e.

si
et

se
u
le

m
en

t
si

IP
(X

∈
∂

]−
∞

,x
])

=
0.

D
on

c
si

X
n

L →
X

et
x

∈
C

on
t(

F
),

IP
X

n
(]
−

∞
,x

])
→

IP
X

(]
−

∞
,x

])
i.
e.

F
n
(x

)
→

F
(x

).
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.
C

on
ve

rg
en

ce
en

lo
i
et

fo
n
ct

io
n

ca
ra

ct
éer

is
ti

q
u
e

11
5

⇐
:
S
u
p
p
os

on
s

F
co

n
ti

n
u
e

su
r

IR
.

A
lo

rs
,
∀I

:=
]a

,b
[,

a
,b

∈
IR

,a
≤

b,
on

a

IP
X

n
(]
a
,b

[)
=

F
n
(b

)
−

F
n
(a

)
→

F
(b

)
−

F
(a

)
=

IP
X

(]
a
,b

[)
.

S
oi

t
O

u
n

ou
ve

rt
d
e

IR
;
O

s’
éec

ri
t

co
m

m
e

rée
u
n
io

n
d
éen

om
b
ra

b
le

d
is

jo
in

te
d
’i
n
te

rv
al

le
s

ou
ve

rt
s

I p
,p

≥
1,

d
’o

ùu
IP

X
(O

)
=

∑ p
≥

1

IP
X

(I
p
).

P
ar

su
it

e

IP
X

(O
)

=
∑ p
≥

1

li
m n

IP
X

n
(I

p
)
≤

li
m n

∑ p
≥

1

IP
X

n
(I

p
)

=
li
m n

IP
X

n
(O

)
.

O
n

co
n
cl

u
t

q
u
e

X
n

L →
X

v
ia

(i
i)

d
e

la
p
ro

p
os

it
io

n
3.

#

10
.3

C
on

ve
rg

en
ce

en
lo

ie
t
fo

n
ct

io
n

ca
ra

ct
éer

is
ti

q
u
e

N
ou

s
al

lo
n
s

vo
ir

q
u
e

le
s

fo
n
ct

io
n
s

ca
ra

ct
éer

is
ti

q
u
es

so
n
t

u
n

ou
ti

l
p
ar

ti
cu

li
èer

em
en

t
b
ie

n
ad

ap
tée

àa
l’
éet

u
d
e

d
e

la
co

n
ve

rg
en

ce
en

lo
i
d
es

v
.a

.
d
-d

im
en

si
on

n
el

le
s.

O
n

ra
p
p
el

le
q
u
e

si
X

:
(Ω

,A
,I
P

)
−→

(I
R

d
,B

(I
R

d
))

es
t

u
n
e

v
.a

.,

Φ
X

(u
)

:=
∫ ei(

u
,x

) I
P

X
(d

x
)

=
IE

(e
i(

u
,X

) )

oùu
(u

,x
)

=
d ∑ i=
1
u

ix
i
d
ées

ig
n
e

le
p
ro

d
u
it

sc
al

ai
re

ca
n
on

iq
u
e

su
r

IR
d
.

10
.3

.1
C

ar
ac

tée
ri

sa
ti
on

T
h
ée
o
rèe

m
e

3
:

X
n

L →
X

si
et

se
u
le

m
en

t
si

Φ
X

n
→

Φ
X

(f
on

ct
io

n
s

ca
ra

ct
éer

is
ti

q
u
es

).

D
éem

on
st

ra
ti

on
:

⇒
:
C

’e
st

éev
id

en
t

p
u
is

q
u
e

ei(
u
,x

)
=

co
s
(u

,x
)

︸︷
︷︸

∈C
b
(I

R
d
,I
R
)

+
i

si
n

(u
,x

)
︸︷

︷︸
∈C

b
(I

R
d
,I
R
)

⇐
:

R
ap

p
el

on
s
q
u
e

si
µ

es
t
u
n
e

p
ro

b
ab

il
it
ée,

d
e

tr
an

sf
or

m
éee

d
e

F
ou

rr
ie

r
µ̂
,o

n
a

l’
id

en
ti

tée
(c

f.
V

I.
3.

le
m

m
e

2)
:
∀y

∈
IR

d
,

∫ ϕ
σ
(y

−
x
)
µ

(d
x
)

=
(2

π
)−

d 2

∫ e−
i(

u
,y

) µ̂
(u

)
ϕ

1
(σ

u
)
d
u

oùu
ϕ

σ
(u

)
=

e−
‖u

‖2
2
σ
2

( σ
√

2π
) d.

P
os

on
s

µ
:=

IP
X

et
µ

n
:=

IP
X

n
.

D
’a

p
rèe

s
le

th
éeo

rèe
m

e
d
e

co
n
ve

rg
en

ce
d
om

in
éee

ap
p
li
q
u
ée

àa
l’
in

tée
gr

al
e

d
u

se
co

n
d

m
em

b
re

,
il

v
ie

n
t

:

∀σ
>

0,
∀y

∈
IR

d
,

∫ ϕ
σ
(y

−
x
)
µ

n
(d

x
)

n
→

+
∞

−→
∫ ϕ

σ
(y

−
x
)
µ

(d
x
)
.
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C
on

ve
rg

en
ce

en
lo

i

A
ce

st
ad

e,
on

re
p
re

n
d

le
fi
l
d
e

la
d
éem

on
st

ra
ti

on
d
e

l’
in

je
ct

iv
it
ée

d
e

la
tr

an
sf

or
m

at
io

n
d
e

F
ou

ri
er

:
so

it
f
∈
C K

( IR
d
,I
R

) ;
p
ar

co
n
ve

rg
en

ce
d
om

in
éee

,

∀σ
>

0,
∫ f

(y
)
[ ∫ ϕ

σ
(y

−
x
)
µ

n
(d

x
)] d

y
→

n
→

+
∞

∫ f
(y

)
[ ∫ ϕ

σ
(y

−
x
)
µ

(d
x
)] d

y
.

V
ia

le
th

éeo
rèe

m
e

d
e

F
u
b
in

i
et

le
ch

an
ge

m
en

t
d
e

va
ri

ab
le

y
:=

x
+

σ
u
,
il

v
ie

n
t

:

∀σ
>

0,
∫(

∫ f
(x

+
σ
u
)
ϕ

1
(u

)
d
u

) µ
n
(d

x
)

→
n
→

+
∞

∫[ ∫
f

(x
+

σ
u
)
ϕ

1
(u

)
d
u

] µ
(d

x
)
.

S
oi

t
C

:=
{ x

�→
∫ f

(x
+

σ
u
)
ϕ

1
(u

)
d
u
,f

∈
C K

( IR
d
,I
R

) ,σ
>

0} .
C
⊂

C 0
( IR

d
,I
R

) (ée
v
i-

d
en

t
p
ar

co
n
ve

rg
en

ce
d
om

in
éee

)
et

C
es

t
en

fa
it

d
en

se
;
p
ou

r
d
éem

on
tr

er
ce

d
er

n
ie

r
p
oi

n
t
il

n
ou

s
su

ffi
t

d
’ée

ta
b
li
r

q
u
e

to
u
te

fo
n
ct

io
n

f
∈
C K

( IR
d
,I
R

) es
t

u
n
if
or

m
éem

en
t

ap
p
ro

ch
ab

le
p
ar

d
es

éel
éem

en
ts

d
e
C.

∣ ∣ ∣ ∣∫ f
(x

+
σ
u
)
ϕ

1
(u

)
d
u
−

f
(x

)∣ ∣ ∣ ∣≤
∫ |f

(x
+

σ
u
)
−

f
(x

)|
ϕ

1
(u

)
d
u

(ϕ
1
(u

)
es

t
u
n
e

d
en

si
tée

d
e

p
ro

b
ab

il
it
ée)

≤
su

p
|v
|≤

δ
|f

(x
+

v
)
−

f
(x

)|
×

1
+

2
‖f

‖ ∞
∫ {‖

u
‖>

δ σ
}
ϕ

1
(u

)
d
u

d
’o

ùu
il

v
ie

n
t

im
m

éed
ia

te
m

en
t

:

∀δ
>

0,
li
m

σ
→

0
su

p
x
∈I

R
d

∣ ∣ ∣ ∣∫ f
(x

+
σ
u
)
ϕ

1
(u

)
d
u
−

f
(x

)∣ ∣ ∣ ∣≤
su

p
x
∈I

R
d
,|v

|≤
δ

|f
(x

+
v
)
−

f
(x

)|

O
r
f

éet
an

t
u
n
if
or

m
éem

en
t
co

n
ti

n
u
e

(c
ar

d
an

s
C K

( IR
d
,I
R

) ),
le

se
co

n
d

m
em

b
re

d
e

l’
in

éeg
a-

li
tée

te
n
d

ve
rs

0
q
u
an

d
δ
→

0.
C

es
t

d
on

c
b
ie

n
u
n

so
u
s-

en
se

m
b
le

to
ta

l
d
e
C 0

(I
R

d
,I
R

).
O

n
co

n
cl

u
t

p
ar

la
p
ro

p
os

it
io

n
2.

#

E
x
e
m

p
le

s
d
’a

p
p
li
ca

ti
o
n

:
(1

)
C

on
ve

r g
en

ce
d
’u

n
e

lo
i
b
in

om
ia

le
ve

rs
u
n
e

lo
i
d
e

P
oi

ss
on

:

S
i
X

n
L ∼
B

(n
;p

n
),

n
p n

→
λ

>
0

al
or

s
X

n
L →

P
(λ

).

E
n

eff
et

Φ
X

n
(u

)
=

((
1
−

p n
)
+

p n
eiu

)n
=

( 1
+

n
p n

(e
iu
−

1)

n

) n .
O

r,
co

m
m

e
z

�→
( 1

+
z n

) n co
n
ve

rg
e

u
n
if
or

m
éem

en
t

su
r

le
s

co
m

p
ac

ts
ve

rs
ez

(c
f.

ap
p
en

d
ic

e)
,

si
z n

→

z,
( 1

+
z n n

) n →
ez

.
D

an
s

le
ca

s
q
u
i
n
ou

s
o
cc

u
p
e,

on
a

d
on

c
Φ

X
n
(u

)
→

n
→

+
∞

eλ
(e

iu
−

1
)

=

Φ
P

(λ
)
(u

).
O

n
re

tr
ou

ve
d
on

c
ai

n
si

le
rée

su
lt

at
éet

ab
li

d
ir

ec
te

m
en

t
d
an

s
l’
ex

em
p
le

1
d
e

la
se

ct
io

n
1

et
au

ch
ap

it
re

I)
.
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en
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i
et

fo
n
ct
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n

ca
ra

ct
éer

is
ti

q
u
e

11
7

(2
)

P
re

m
ie

r
co

n
ta

ct
av

ec
le

th
éeo

rèe
m

e
ce

n
tr

al
-l
im

it
e

:

S
oi

t
X

n
,n

≥
1,

su
it

e
d
e

v
.a

.
in

d
éep

en
d
an

te
s

et
d
e

m
êem

e
lo

i
IP

(X
1

=
±1

)
=

1 2
.

A
lo

rs

Y
n

:=
X

1
+

..
.+

X
n

√
n

L →
N

(0
,1

)
.

E
n

eff
et

,
Φ

Y
n
(u

)
=

Φ
X

1

( u √
n

) n

Φ
Y

n
(u

)
=

[ co
s

( u √
n

)] n
=

( 1
−

u
2

2n
+

o

( u
2 n

)) n
=

     1
−

u
2

( 1
+

ε

( u
2 n

))
2n

     n

−→
n
→

+
∞

e−
u

2 2
.

C
e

rée
su

lt
at

tr
èes

im
p
or

ta
n
t

se
ra

gée
n
éer

al
is

ée
àa

la
se

ct
io

n
5.

10
.3

.2
T

h
éeo

rèe
m

e
d
e

P
au

l
L
éev

y
(e

t
th

éeo
rèe

m
e

d
e

co
m

p
ac

it
ée

fa
ib

le
)

T
h
ée
o
rèe

m
e

4
(P

ro
h
o
ro

v
)

:

(a
)

S
oi

t
µ

n
,n

≥
1,

u
n
e

su
it

e
d
e

p
ro

b
ab

il
it
ées

su
r

( IR
d
,B

( IR
d
)) .

A
lo

rs
il

ex
is

te
u
n
e

m
es

u
re

µ
su

r
( IR

d
,B

( IR
d
)) av

ec
µ

( IR
d
) ≤

1
et

u
n
e

su
it

e
ex

tr
ai

te
µ

ϕ
(n

)
d
e

µ
n

v
éer

ifi
an

t
:

∀f
∈
C 0

( IR
d
,I
R

) ,∫ f
d
µ

ϕ
(n

)
→

∫ f
d
µ

(c
on

ve
rg

en
ce

di
te

“v
ag

u
e”

).

(b
)

S
i
la

su
it

e
(µ

n
) n

≥
1

es
t

te
n
d
u
e,

i.
e.

si

∀ε
>

0,
∃K

ε
,

co
m

p
ac

t
,
∃n

ε
∈

IN
te

l
q
u
e

n
≥

n
ε
=
⇒

µ
n
(c

K
ε
)
≤

ε,

al
or

s
il

ex
is

te
u
n
e

pr
ob

ab
il
it
ée

µ
su

r
( IR

d
,B

( IR
d
)) et

u
n
e

su
it

e
ex

tr
ai

te
µ

ϕ
(n

)
d
e

µ
n

te
ll
es

q
u
e

µ
n

=
⇒

µ
.

D
éem

on
st

ra
ti

on
(p

ar
ti

el
le

)
:

(a
)

O
n

su
p
p
os

e
q
u
e

d
=

1.
∀r

∈
Q

,(
F

n
(r

))
n
≥

1
es

t
b
or

n
éee

d
on

c,
p
ar

le
p
ro

cée
d
ée

d
ia

go
n
al

,
il

ex
is

te
u
n
e

so
u
s-

su
it

e
ϕ

(n
)
↑+

∞
te

ll
e

q
u
e

:

∀r
∈

Q
,F

ϕ
(n

)
(r

)
→

F
(r

)
.

O
n

p
os

e
al

or
s

:
∀x

∈
IR

,F
(x

)
:=

li
m

r
→

x
+

F
(r

).
O

n
v
éer

ifi
e

(e
x
er

ci
ce

fa
ci

le
)

q
u
e

F
ai

n
si

d
éefi

n
ie

es
t

cr
oi

ss
an

te
,
co

n
ti

n
u
e

àa
d
ro

it
e.

S
oi

t
µ

la
m

es
u
re

d
e

S
ti

el
tj

èes
re

la
ti

ve
àa

F
i.
e.

l’
u
n
iq

u
e

m
es

u
re

su
r

(I
R

,B
(I
R

))
v
éer

ifi
an

t
µ

(]
a
,b

])
=

F
(b

)
−

F
(a

).
P
ar

ta
n
t

d
u

fa
it

q
u
e

∀r
∈

Q
,F

ϕ
(n

)
(r

)
→

F
(r

)
et

d
e

la
d
en

si
tée

d
e
Q

,
on

éet
ab

li
t

ai
sée

m
en

t
q
u
e

la
co

n
ve

rg
en

ce
a

en
fa

it
li
eu

p
ou

r
to

u
t

r
∈

C
on

t
(F

)
p
u
is

,
p
ar

u
n
e

lée
gèe

re
ad

ap
ta

ti
on

d
e

la
p
re

u
ve

d
u
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C
h
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.

C
on

ve
rg

en
ce

en
lo

i

th
éeo

rèe
m

e
2

su
r

le
s

fo
n
ct

io
n
s

d
e

rée
p
ar

ti
ti

on
q
u
e

µ
(O

)
≤

li
m n

µ
n
(O

)
p
ou

r
to

u
t

ou
ve

rt
O

d
e

IR
.
E

n
p
ar

ti
cu

li
er

µ
(I
R

)
=

1.
E

n
su

it
e,

ad
ap

ta
n
t

ce
tt

e
fo

is
le

p
re

u
ve

(i
i)

⇒
(i

)
d
u

th
éeo

rèe
m

e
2,

on
en

d
éed

u
it

q
u
e

∫ f
d
µ

n
→

∫ f
d
µ

p
ou

r
to

u
te

f
∈

C K
(I
R

,I
R

)
(l

’a
d
ap

ta
ti

on
co

n
si

st
e

àa
re

m
p
la

ce
r

A
(p

)
p

=
IR

p
ar

u
n

in
te

rv
al

le
co

m
p
ac

t
[a

,b
]
te

l
q
u
e

F
(a

)
=

F
(a
−)

,
F

(b
)

=
F

(b
−)

)
et

su
p
p
f

=
[a

,b
].

L
’e

x
te

n
si

on
àa
C 0

( IR
d
,I
R

) d
éec

ou
le

d
e

la
re

m
ar

q
u
e

d
e

la
se

ct
io

n
1.

(b
)

Il
su

ffi
t

d
e

m
on

tr
er

q
u
e

la
m

es
u
re

µ
ci

-d
es

ss
u
s

es
t

en
fa

it
u
n
e

p
ro

b
ab

il
it

ée
d
èes

q
u
e

la
su

it
e

(µ
n
)

es
t

te
n
d
u
e.

S
oi

t
ε
∈]

0,
1[

et
K

ε
u
n

co
m

p
ac

t
v
éer

ifi
an

t
l’
h
y
p
ot

h
èes

e.
O

n
p
eu

t
q
u
it

te
àa

l’
ag

ra
n
d
ir

,
su

p
p
os

er
q
u
e

K
ε
=

[−
M

ε
,M

ε
].

O
n

co
n
si

d
èer

e
u
n
e

fo
n
ct

io
n

co
n
ti

n
u
e

ϕ
ε

àa
va

le
u
rs

d
an

s
[0

,1
],

va
la

n
t

1
su

r
[−

M
ε
,M

ε
]

et
0

su
r

c
[−

(M
ε

+
1)

,M
ε

+
1]

.
L
a

fo
n
ct

io
n

ϕ
ε

es
t

co
n
ti

n
u
e

àa
su

p
p
or

t
co

m
p
ac

t
d
on

c

µ
(I
R

)
≥

∫ ϕ
ε
d
µ

=
li
m n

∫ ϕ
ε
d
µ

n
≥

li
m

n
µ

n
(K

ε
)
≥

1
−

ε.

F
in

al
em

en
t

1
≥

µ
(I
R

)
≥

1
−

ε
p
ou

r
to

u
t

ε
∈]

0,
1[

.
#

E
x
e
m

p
le

:
L
a

su
it

e
d
e

p
ro

b
ab

il
it
ées

µ
n

:=
δ n

,
n
≥

1
co

n
ve

rg
e

va
gu

em
en

t
ve

rs
la

m
es

u
re

n
u
ll
e

et
n
’e

st
éev

id
em

m
en

t
p
as

te
n
d
u
e.

T
h
ée
o
rèe

m
e

5
(P

a
u
l
L
ée
v
y
)

:
S
oi

t
X

n
,n

≥
1,

u
n
e

su
it

e
d
e

v
.a

.
àa

va
le

u
rs

d
an

s
IR

d
et

Φ
:
IR

d
→

IR
u
n
e

fo
n
ct

io
n

co
n
ti
n
u
e

en
0.

A
lo

rs
:

( ∀u
∈

IR
d
,Φ

X
n
(u

)
→

Φ
(u

)) ⇒
( ∃

u
n
e

p
ro

b
ab

il
it
ée

µ
su

r
IR

d
te

ll
e

q
u
e

Φ
=

µ̂
)

(o
u

en
co

re
il

ex
is

te
u
n
e

v
.a

.
Y

te
ll
e

q
u
e

Φ
=

Φ
Y
).

D
éem

on
st

ra
ti

on
:

S
oi

t
µ

n
=

IP
X

n
.
D

’a
p
rèe

s
le

th
éeo

rèe
m

e
d
e

P
ro

h
or

ov
,
il

ex
is

te
µ
,
m

es
u
re

su
r

IR
d
,

te
ll
e

q
u
e

µ
( IR

d
) ≤

1
et

∀f
∈

C 0
( IR

d
,I
R

)∫
f
d
µ

n
→

∫ f
d
µ
.

D
’a

u
tr

e
p
ar

t,

co
m

m
e

d
an

s
la

d
éem

on
st

ra
ti

on
d
u

th
éeo

rèe
m

e
3,

il
v
ie

n
t

:

∀y
∈

IR
d
,∀

σ
>

0,
∫ ϕ

σ
(y

−
x
)
µ

n
(d

x
)

→
n
→

+
∞

(2
π
)−

d 2

∫ e−
i(

u
,y

) Φ
(u

)
ϕ

1
(σ

u
)
d
u

et
,
p
ar

al
lèe

le
m

en
t,

∫ ϕ
σ
(y

−
x
)
µ

n
(d

x
)
→

∫ ϕ
σ
(y

−
x
)
µ

(d
x
)

ca
r

ϕ
σ
(y

−
.)
∈
C 0

( IR
d
,I
R

) .

D
on

c

∀y
∈

IR
d
,∀

σ
>

0,
∫ e−

i(
u
,y

) µ̂
(u

)
ϕ

1
(σ

u
)
d
u

=
∫ e−

i(
u
,y

) Φ
(u

)
ϕ

1
(σ

u
)
d
u
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L
ie

n
av

ec
le

s
au

tr
es

m
o
d
es

d
e

co
n
ve

rg
en

ce
11

9

oùu
µ̂

(u
)

:=
∫ ei(

u
,x

) µ
(d

x
)

es
t

la
tr

an
sf

or
m

éee
d
e

F
ou

ri
er

d
e

la
m

es
u
re

fi
n
ie

µ
(l

e
fa

it
q
u
e

l’
id

en
ti

tée
re

st
e

v
ra

ie
d
an

s
ce

ca
s
es

t
éev

id
en

t)
.

Il
v
ie

n
t
p
ar

in
je

ct
iv
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rèe
m

e
su

iv
an

t
:

12
0

C
h
ap

it
re

10
.

C
on

ve
rg

en
ce

en
lo

i

T
h
ée
o
rèe
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’àa

ce
ti

tr
e,

on
p
eu

t
d
éefi

n
ir

p
ou

r
to

u
te

v
.a

.
X

:
(Ω

,A
,I
P

(.
|B

))
→

(E
,E

)
la

lo
i
co

n
d
it

io
n
n
el

le
d
e

X
sa

ch
an

t
B

co
m

m
e

la
p
ro

b
ab

il
it
ée

im
ag

e
(s

u
r

(E
,E

))
d
e

IP
(.
|B

).
O

n
n
ot

e
gée

n
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éer

er
IE

(X
|Y

)
co

m
m

e
u
n
e

fo
n
ct

io
n

ϕ
(Y

)
d
e

la
v
.a

.
Y

:

ϕ
(y

)
=

∫ {Y
=

y
}
X

d
IP

IP
({

Y
=

y
})

,
y
∈

E
.

E
x
e
m

p
le

:
Ω

:=
{1

,2
,.

..
,6
},

IP
(A

)
:=

|A
|

6
,X

(ω
)

:=
ω
,Y

(ω
)

=

{ 1
si

ω
im

p
ai

r
0

si
ω

p
ai

r
.

A
lo

rs
IE

(X
|Y

)
=

{ 3
si

Y
=

1
4

si
Y

=
0

.

U
n
e

fo
is

re
m

ar
q
u
ée

q
u
e

σ
(Y

)
=

{∪ e∈
C
{Y

=
e}

,C
⊂

E
},

il
es

t
n
at

u
re

l
d
’ée

te
n
d
re

àa
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éer

ifi
e

im
m
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éefi

n
it

io
n

d
e

la
p
ro

je
ct

io
n

or
th

og
on

al
e

su
r

u
n

so
u
s-

es
p
ac

e
(f

er
m

ée)
d
’u

n
es

p
ac

e
d
e

H
il
b
er

t
sa

u
te

au
x

ye
u
x

co
m

m
e

l’
il
lu

st
re

le
ra

p
p
el

su
iv

an
t

:

R
a
p
p
e
l
:

S
oi

t
(H

,(
.|.

))
u
n

IR
-e

sp
ac

e
d
e

H
il
b
er

t
et

F
u
n

s.
e.

v
.

fe
rm

ée
d
e

H
.

P
ou

r
to

u
t

h
∈

H
,

il
ex

is
te

u
n

u
n
iq

u
e

ve
ct

eu
r

π
F
(h

)
d
an

s
F

v
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eáa

to
ir
es

B-
m

es
u
ra

bl
es

L2 IR
(Ω

,B
,I
P

).
S
au

f
q
u
e

..
.L

2 IR
(Ω

,A
,I
P

)
n
’e

st
p
as

u
n

es
p
ac

e
d
e

H
il
b
er

t
p
u
is

q
u
e

(U
,V

)
�→

IE
(U

V
)

n
’e

st
p
as

u
n

p
ro

d
u
it

sc
al

ai
re

(c
’e

st
u
n
e

fo
rm

e
b
il
in

éea
ir

e
p
os

it
iv

e
m

ai
s

n
on

d
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ε}
d
IP

IP
({

y
≤

Y
≤

y
+

ε}
)

=
li
m

ε→
0

1 ε

∫ y+
ε

y
d
v

( ∫ x
f
(x

,v
)d

x
)

1 ε

∫ y+
ε

y
d
v

( ∫ f
(x

,v
)d

x
)

IE
(X

|{Y
=

y
})

:=

∫ x
f
(x

,y
)d

x
∫ f

(x
,y

)d
x

.

L
a

d
er

n
ièe
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éeg

al
it

ée
ap

p
ar
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t

d
on

c
co

m
m

e
u
n
e

d
éefi

n
it
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n

n
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u
re

ll
e.

S
i
l’
on

su
b
st

it
u
e

ϕ
(X

)
àa

X
d
an

s
le

s
ca

lc
u
ls

p
rée

cée
d
en

ts
,
il

v
ie

n
t

:

IE
(ϕ

(X
)|{

Y
=

y
})

=
∫ ϕ

(x
)

f
(x

,y
)

∫ f
(u

,y
)d

u
d
x

i.
e.

L(
X
|{Y

=
y
})

=
f
(x

,y
)

∫ f
(u

,y
)d

u
d
x
.

C
et
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ap

p
ro

ch
e

so
u
lèe

ve
d
e

n
om

b
re

u
se

s
q
u
es

ti
on

s,
n
ot

am
m

en
t

q
u
an

t
àa

la
rée

gu
la

ri
tée

d
e

f
(o

n
a

u
ti

li
sée

ic
i
q
u
e

y
�→

∫ f
(x

,y
)d

x
es

t
co

n
ti

n
u
e)

.
E

n
ou

tr
e,

ce
ci

n
e

rée
so

u
d

en
ri

en
la

q
u
es

ti
on

d
u

co
n
d
it

io
n
n
em

en
t

p
ar

d
es

va
ri

ab
le

s
“m

ix
te

s”
,
vo

ir
e

n
on

d
is

cr
èet

es
et

n
on
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so

lu
m

en
t

co
n
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n
u
es

.
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R
a
p
p
e
ls

:
L2 IR

(Ω
,A

,I
P

)
:=

{X
:
(Ω

,A
,I
P

)
→

IR
t.

q
.

∫ X
2
d
IP

<
+
∞
},

m
u
n
i
d
e
‖X

‖ 2
,

es
t

u
n

IR
-e

.v
.

se
m

i-
n
or

m
ée

q
u
e

l’
on

tr
an

sf
or

m
e

ca
n
on

iq
u
em

en
t

en
u
n

IR
-e

.v
.

n
or

m
ée

en
le

q
u
ot

ie
n
ta

n
t

p
ar

la
re

la
ti

on
d
’e

q
u
iv

al
en

ce
:

X
≡

Y
⇔

‖X
−

Y
‖ 2

=
0
⇔

IP
({

X

=

Y
})

=
0

(e
n

ou
tr

e
‖X

‖ 2
=

‖Y
‖ 2

).

L
’e

n
se

m
b
le

q
u
ot

ie
n
t

n
’e

st
au

tr
e

q
u
e

L
2 IR

(Ω
,A

,I
P

).

L
’i
d
éee

d
e

d
éep

ar
t

es
t

d
e

d
éefi

n
ir

l’
e
sp

ée
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n
ce
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n
d
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n
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e
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e
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e

X
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ch
an

t
B
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éer
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t
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s

i.
e.

co
m

m
e

la
p
ro

je
ct

io
n

o
rt

h
o
g
o
n
a
le

d
e

X
∈

L
2 IR

(Ω
,A

,I
P

)
su

r
L

2 IR
(Ω

,B
,I
P

).
L
e

p
ro

b
lèe

m
e

es
t

q
u
e,

si
L2 IR

(Ω
,B

,I
P

)
⊂

L2 IR
(Ω

,A
,I
P

),
il

n
’e

n
es

t
p
as

(t
ou

t
àa

fa
it

)
d
e

m
êem

e
d
es

es
p
ac

es
L

2 IR
co

rr
es

p
on

d
an
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.

E
n

eff
et

,
si

X
∈
L2 IR

(Ω
,B

,I
P

),
co

n
si

d
éer

on
s

le
s

cl
as

se
s

d
’ée

q
u
iv

al
en

ce
:

  • X
L

2
(Ω

,A
,I
P

):
=

{Z
,

v
.a

.
A

-m
es

u
ra

b
le

s,
t.

q
.

IP
({

Z

=

X
})

=
0}

et
• X

L
2
(Ω

,B
,I
P

):
=

{Z
,

v
.a

.
B-

m
es

u
ra

b
le

s,
t.

q
.

IP
({

Z

=

X
})

=
0}

.

O
n

a
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on
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to

u
jo

u
rs

• X
L

2
(Ω

,B
,I
P

)⊂
• X

L
2
(Ω

,A
,I
P

)
m
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en
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n
éer
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• X
L

2
(Ω

,B
,I
P

)⊂ 
=
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L

2
(Ω

,A
,I
P

).
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m
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:
S
i
{N

∈
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⊂
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il

y
a
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Z
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u
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b
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=
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)

=
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al
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Z
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B-
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es

u
ra

b
le
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E

n
eff

et
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C
∈
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{Z
∈

C
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c {Z


=
X
}∩

{X
∈

C
})

∪
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Z

=

X
}∩

{Z
∈

C
})
∈
B

p
u
is

q
u
e

-
{Z


=
X
}∩

{Z
∈

C
}∈

A
et

IP
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Z

=

X
}∩

{Z
∈

C
})

≤
IP
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Z


=
X
})

=
0

d
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c
{Z


=
X
}∩
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∈

C
}∈
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-
{Z


=
X
}∈

B
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r
le

s
m
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es

ra
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s
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c
c {Z


=
X
}∩

{X
∈

C
}∈
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b
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àa
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.
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e
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:

P
ro

p
o
si
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n
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:
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)
→
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)
• X
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2
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)
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)
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E
n

p
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p
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b
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).
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∈
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).
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u
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∈

• X
L

2
(A

)=
i
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L
2
(B
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:

‖i
(

• X
L

2
(Ω

,B
,I
P

))
‖2 2

=
‖

• X
L

2
(Ω

,A
,I
P

)
‖2 2

=
∫ Z

2
d
IP

=
‖

• X
L

2
(Ω

,B
,I
P

)
‖2 2

.
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S
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X
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et

B
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e

so
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e
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le
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e
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t
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ro
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or
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e
π
⊥ L

2
(Ω

,B
,I
P

)(
X

)
d
e
X

su
r
L

2
(Ω

,B
,I
P

).

O
n

la
n
ot

e
IE

(X
|B

)
(o

u
au

ss
i
IE

B (
X

))
.

D
e

la
ca

ra
ct

éer
is

at
io

n
d
e

la
p
ro

je
ct

io
n

or
th

og
on

al
e,

on
d
éed

u
it

im
m

éed
ia

te
m

en
t

le
th

éeo
rèe

m
e

d
e

ca
ra

ct
éer

is
at

io
n

:

T
h
ée
o
rèe

m
e

1
:

S
oi

t
X

∈
L

2 IR
(Ω

,A
,I
P

)
et

Y
∈

L
2 IR

(Ω
,B

,I
P

).
L
es

tr
oi

s
as

se
rt

io
n
s

su
i-

va
n
te

s
so

n
t

éeq
u
iv

al
en

te
s

:

(i
)

Y
=

IE
(X

|B
),

(i
i)

‖X
−

Y
‖ 2

=
m

in
Z
∈L

2
(Ω

,B
,I
P

)
‖X

−
Z
‖ 2

,

(i
ii

)
∀Z

∈
L

2
(Ω

,B
,I
P

),
IE

(Z
X

)
=

IE
(Z

Y
).

E
x
e
m

p
le

:
S
i
B

=
{◦/

,Ω
},

al
or

s
IE

(X
|B

)
=

IE
(X

).

D
e

ce
tt

e
ca

ra
ct

éer
is

at
io

n
,
on

d
éed

u
it

le
s
p
re

m
ièe
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s
p
ro

p
ri

éet
ées

im
p
or

ta
n
te

s
d
e

l’
es

p
éer

an
ce

co
n
d
it

io
n
n
el

le
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P
ro

p
ri

ée
tée

s
:

S
oi

t
X

∈
L

2 IR
(Ω

,A
,I
P

).

P
1
.

IE
(.
|B

)
:
L

2 IR
(Ω

,A
,I
P

)
→

L
2 IR

(Ω
,B

,I
P

)
es

t
u
n
e

ap
p
li
ca

ti
on

li
n
éea

ir
e

d
e

n
or

m
e

1
;

en
p
ar

ti
cu

li
er

,
on

a
:
‖IE

(X
|B

)‖
2
≤

‖X
‖ 2

.
E

n
ou

tr
e,

il
y

a
éeg

al
it

ée
si

et
se

u
le

m
en

t
si

X
∈

L
2 IR

(Ω
,B

,I
P

)
au

q
u
el

ca
s

IE
(X

|B
)

=
X

.

P
2
.

S
i
X

∈
L

2 IR
(Ω

,B
,I
P

),
IE

(X
|B

)
=

X
.

P
3
.

S
i

X
≥

0
IP

-p
.s

.,
al

or
s

IE
(X

|B
)
≥

0,
IP

-p
.s

..
E

n
co

n
sée

q
u
en

ce
IE

(
.
|B

)
es

t
u
n

op
éer

at
eu

r
cr

oi
ss

an
t

su
r

L
2 IR

(Ω
,A

,I
P

).

P
4
.

IE
(I
E

(X
|B

))
=

IE
(X

).

P
5
.
|IE

(X
|B

)|
≤

IE
(|X

||
B)

(e
t

d
on

c
IE

(|I
E

(X
|B

)|)
≤

IE
(|X

|))
.

P
6
.

S
i
W

es
t
B-

m
es

u
ra

b
le

et
b
or

n
éee

,
al

or
s

IE
(W

X
|B

)
=

W
IE

(X
|B

).

D
éem

on
st

ra
ti

on
:
•

P
1

et
P

2
d
éec

ou
le

n
t
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m

éed
ia

te
m

en
t

d
u

fa
it

q
u
e

IE
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|B

)
es

t
u
n

p
ro

je
ct

eu
r

or
th

og
on

al
.

•
P

3
:

S
oi

t
B

n
:=

{IE
(X

|B
)
<

−
1 n
};

1
B

n
∈

L
∞ IR

(Ω
,B

,I
P

)
⊂

L
2 IR

(Ω
,B

,I
P

),
d
’o

ùu

0
≤

IE
(1

B
n
X

)
=

IE
(1

B
n
IE

(X
|B

))
≤

−
1 n
IP

(B
n
).

P
ar

su
it

e,
p
ou

r
to

u
t

n
≥

1,
IP

(B
n
)

=
0

et
p
ar

ta
n
t

IP
({

IE
(X

|B
)
<

0}
)

=
0

ca
r

{IE
(X

|B
)
<

0}
=

∪
n
≥

1

↑
B

n
.
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X

:=
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−
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le
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d
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n
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io
n
s
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it
u
el

le
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|IE
(X

|B
)|

=
|IE

(X
+
|B

)
−

IE
(X

−
|B

)|
p
ar

li
n
éea

ri
tée

d
e

IE
(.
|B

),

≤
IE

(X
+
|B

)
+

IE
(X

−
|B

)
d
’a

p
rèe

s
P

3
,

≤
IE

(X
+

+
X

−
|B

)
=

IE
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:
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e
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es
t
B-

m
es

u
ra

b
le

et
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en
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∈
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∈
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=
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ra
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=
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éet
ri

q
u
es

,
(F

,δ
)
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éed

ia
te

-
m

en
t

au
ca

d
re

L
1

(l
es

p
re

u
ve

s
so

n
t

id
en

ti
q
u
es

).

P
ro

p
ri

ée
tée

s
:

P̃
1
.

IE
(.
|B

)
:

L
1 IR

(Ω
,A

,I
P

)
→

L
1 IR

(Ω
,B

,I
P

)
es

t
u
n
e

ap
p
li
ca

ti
on

li
n
éea

ir
e

d
e

n
or

m
e

1
(i

.e
.
‖IE

(X
|B

)‖
1
≤

‖X
‖ 1

).

S
oi

t
X

∈
L

1 IR
(Ω

,A
,I
P

).

P̃
2
.

S
i
X

∈
L

1 IR
(Ω

,B
,I
P

),
IE

(X
|B

)
=

X
,

IP
-p

.s
..

P̃
3
.

S
i
X

≥
0,

IP
-p

.s
.,

al
or

s
IE

(X
|B

)
≥

0,
IP

-p
.s

..
E

n
co

n
sée

q
u
en

ce
IE

(
.
|B

)
es

t
u
n

op
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éer

an
ce

co
n
d
it

io
n
n
el

le
,

y
co

m
p
ri

s
d
an

s
u
n

ca
d
re

L
1

ou
p
lu

s
gée

n
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àa

ch
an

ge
r

X
n

en
X

n
−

X̃
,
en

co
re

in
tée

gr
ab

le
,
on

p
eu

t
su

p
p
os

er
X̃

=
0.

A
lo

rs
Y
−
|X

n
|≥

0,
et

d
on

c
en

ap
p
li
q
u
an

t
le

le
m

m
e

d
e

F
at

ou
co

n
d
it

io
n
n
el

,
on

a
:

IE
( li

m
n
→

+
∞

(Y
−

|X
n
|)
|B

) ≤
li
m

n
→

+
∞

IE
(Y

−
|X

n
||
B)

,
IP

-p
.s

..

L
e

te
rm

e
d
e

ga
u
ch

e
va

u
t

IE
(Y

|B
)

et
ce

lu
i
d
e

d
ro

it
e

IE
(Y

|B
)−

li
m n

IE
(|X

n
||
B)

.
O

n

a
d
on

c
li
m

n
→

+
∞

IE
(|X

n
||
B)

=
0.

C
om

m
e

IE
(|X

n
||
B)

≥
|IE

(X
n
|B

)|,
on

en
d
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éee

,

IE
(f

(X
)
|B

)
=

IE
(f

(X
))

IP
-p

.s
..

D
an

s
ce

ca
s,

l’
id

en
ti

tée
ci

-d
es

u
s

re
st

e
v
ra

ie
p
ou

r
to

u
t

fo
n
ct

io
n

f
∈
L1 IR

(I
P

X
).

E
n

p
ar

ti
-

cu
li
er

si
X

∈
L1 IR

(I
P

),
IE

(X
|B

)
=

IE
(X

)
IP

-p
.s

..

R
e
m

a
r q

u
e

:
O

n
p
eu

t
au

ss
i
av

oi
r

IE
(X

|B
)

=
IE

(X
)

sa
n
s

q
u
e

X
et

B
so

ie
n
t

in
d
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éefi
n
it
io

n
et

p
ro

p
ri
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rèe

m
e

4
:

S
oi

t
(X

1
,.

..
,X

d
,Y

)
:

(Ω
,A

,I
P

)
→

IR
d
+

1
u
n

d
+

1-
u
p
le

t
d
e

v
.a

.r
.

ad
m

et
ta

n
t

u
n
e

d
en

si
tée

:
(x

1
,.

..
,x

d
,y

)
�→

h
(x

1
,.

..
,x

d
,y

)
su

r
IR

d
+

1
.

O
n

su
p
p
os

e
d
e

p
lu

s
q
u
e

Y
∈

L
1
(Ω

,A
,I
P

),
i.
e.

q
u
e

IE
(|Y

|)
=

∫ |y|
h
(x

1
,.

..
,x

d
,y

)d
y
d
x

1
..

.d
x

d
<

+
∞

.
A

lo
rs

:

IE
(Y

|(X
1
,.

..
,X

d
))

=

∫ y
h
(X

1
,.

..
,X

d
,y

)d
y

∫ h
(X

1
,.

..
,X

d
,y

)d
y

IP
-p

.s
..

R
e
m

a
rq

u
e

p
rée

li
m

in
a
ir

e
:

le
te

rm
e

d
e

d
ro

it
e

d
e

l’
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d
,y

v
)d

v
) d

x
1
..

.d
x

d
=

0.

D
éem

on
st

ra
ti

on
:

S
oi

t
ψ

:
IR

d
→

IR
b
or

éel
ie

n
n
e

b
or

n
éee

.
D

’a
p
rèe

s
le

th
éeo

rèe
m

e
d
e

tr
an

sf
er

t,

IE
(ψ

(X
1
,.

..
,X

d
)Y

)
=

∫ ..
.∫

︸ ︷︷
︸

d
+

1

ψ
(x

1
,.

..
,x

d
)y

h
(x

1
,.

..
,x

d
,y

)d
x

1
..

.d
x

d
d
y

=
∫ ..

.∫
︸ ︷︷

︸
d

ψ
(x

1
,.

..
,x

d
)
( ∫ y

h
(x

1
,.

..
,x

d
,y

)d
y
) d

x
1
..

.d
x

d
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9

d
’a

p
rèe

s
le

th
éeo

rèe
m

e
d
e

F
u
b
in

i.
A

ce
st

ad
e,

on
rée

in
tr

o
d
u
it

la
d
en

si
tée

d
u

d
+

1-
u
p
le

t
(X

1
,.

..
,X

d
,Y

)
:

IE
(ψ

(X
1
,.

..
,X

d
)Y

)
=

∫ ..
.∫ ︸ ︷︷

︸
d
+

1

ψ
(x

1
,.

..
,x

d
)

( ∫ y
h
(x

1
,.

..
,x

d
,y

)d
y

∫ h
(x

1
,.

..
,x

d
,y

)d
y

) h
(x

1
,.

..
,x

d
,y

)d
x

1
..

.d
x

d
d
y

=
IE

(ψ
(X

1
,.

..
,X

d
)ϕ

(X
1
,.

..
,X

d
))

oùu
ϕ
(x

1
,.

..
,x

d
)

=

            ∫ y
h
(x

1
,.

..
,x

d
,y

)d
y

∫ h
(x

1
,.

..
,x

d
,y

)d
y

si∫ h
(x

1
,.

..
,x

d
,y

)d
y

=

0

0
(p

ar
ex

em
p
le

)
si

∫ h
(x

1
,.

..
,x

d
,y

)d
y

=
0.

C
on

fo
rm

éem
en

t
àa

la
re

m
ar

q
u
e

p
rée

li
m

in
ai

re
,
on

n
ot

e
q
u
e

IP
(X

1
,··
·,X

d
)(
{∫ h

(x
1
,.

..
,x

d
,y

)d
y

=
0}

)
=

0,

ce
q
u
i
ju

st
ifi

e
àa

n
ou

ve
au

l’
éec

ri
tu

re
ad

op
tée

e
d
an

s
l’
éen

on
cée

.
#

R
e
m

a
rq

u
e

:
O

n
au

ra
it

p
u

to
u
t
au

ss
ib

ie
n

ca
lc

u
le

r
p
lu

s
gée

n
éer

al
em

en
t
IE

(f
(Y

)|(
X

1
,.

..
,X

d
))

p
ou

r
to

u
te

fo
n
ct

io
n

f
b
or

éel
ie

n
n
e

b
or

n
éee

,
ce

q
u
i
au

ra
it

co
n
d
u
it

àa
:

IE
(f

(Y
)|(

X
1
,.

..
,X

d
))

=
∫ f

(y
)

h
(X

1
,.

..
,X

d
,y

)
∫ h

(X
1
,.

..
,X

d
,v

)d
v
d
y

IP
-p

.s
..

C
el

a
“i

n
ci

te
”

àa
affi

rm
er

q
u
e

la
lo

i
co

n
d
it

io
n
n
el

le
d
e

Y
sa

ch
an

t
(X

1
,.

..
,X

d
),

n
ot

éee
L(

Y
|(X

1
,.

..
,X

d
))

ou
IP

Y
(d

y
|(X

1
,.

..
,X

d
))

es
t

d
on

n
éee

p
ar

:

IP
Y
(d

y
|(X

1
,.

..
,X

d
))

=
h
(X

1
,.

..
,X

d
,y

)
∫ h

(X
1
,.

..
,X

d
,v

)d
v
d
y
.

C
e

p
oi

n
t

se
ra

d
éev

el
op

p
ée

p
lu

s
lo

in
.

E
x
e
m

p
le

5
:

S
oi

t
(X

,Y
)

u
n

ve
ct

eu
r

ga
u
ss

ie
n

ce
n
tr

ée
n
on

d
éeg

éen
éer

ée
d
e

m
at

ri
ce

d
e

co
va

ri
an

ce
Q

:=

(
σ

2 X
ρ
σ

X
σ

Y

ρ
σ

X
σ

Y
σ

2 Y

) ,
i.
e.

σ
2 X

=
V

a
r(

X
),

σ
2 Y

=
V

a
r(

Y
)

et
ρ

=

co
rr

(X
,Y

)
∈]

−
1,

1[
.

O
n

ve
u
t

ca
lc

u
le

r
IE

(Y
|X

)
et

p
lu

s
gée

n
éer

al
em

en
t

d
éet

er
m

in
er

L(
Y
|X

).
Il

v
ie

n
t

cl
as

si
q
u
em

en
t

:

Q
−

1
=

1

1
−

ρ
2

 
1 σ
2 X

−
ρ

σ
X

σ
Y

−
ρ

σ
X

σ
Y

1 σ
2 Y

  :=
( α

−γ
−γ

β

) (p
ou

r
si

m
p
li
fi
er

).

L
a

d
en

si
tée

s’
éec

ri
t

:
h
(x

,y
)

=
C

te
×

e−
1 2

t( x y

) Q
−

1

( x y

) d
x
d
y
,
d
on

c

L(
Y
|X

)
=

e−
1 2
(α

X
2
−

2
γ
X

y
+

β
y
2
)

∫ e−
1 2
(α

X
2
−

2
γ
X

v
+

β
v
2
) d

v
d
y

=
C

(X
)
×

e−
β 2

(y
−

γ
X β

)2
d
y
.
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E
sp
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an
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n
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it
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n
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el
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L
oi

co
n
d
it

io
n
n
el

le

C
om

m
e

β
=

1

(1
−

ρ
2
)σ

2 Y

et
γ
X β

=
ρ

σ
X

σ
Y
X

,
on

en
d
éed

u
it

au
ss

it
ôot

q
u
e

:

L(
Y
|X

)
=

1
√

2π
σ

Y

√
1
−

ρ
2

ex
p

[ −
1

2(
1
−

ρ
2
)σ

2 Y

( y
−

ρ
σ

X

σ
Y

X
) 2] d

y
=

N
( ρ

σ
Y

σ
X

X
,(

1
−

ρ
2
)σ

2 Y

) .

D
’o

ùu
en

p
ar

ti
cu

li
er

,
IE

(Y
|X

)
=

ρ
σ

Y

σ
X

X
.

R
ev

en
on

s
m

ai
n
te

n
an

t
au

ca
d
re

gée
n
éer

al
p
ou

r
éet

u
d
ie

r
le

s
li
en

s
en

tr
e

in
d
éep

en
d
an

ce
et

es
p
éer

an
ce

co
n
d
it

io
n
n
el

le
.

P
ro

p
o
si

ti
o
n

:
S
oi

en
t

X
et

Y
d
eu

x
v
.a

.
in

d
éep

en
d
an

te
s

su
r

(Ω
,A

,I
P

).
S
oi

t
f

:
IR

→
IR

u
n
e

fo
n
ct

io
n

b
or

éel
ie

n
n
e

b
or

n
éee

.
A

lo
rs

IE
(f

(X
,Y

)|X
)

=
∫ f

(X
,y

)I
P

Y
(d

y
).

D
éem

on
st

ra
ti

on
:

S
oi

t
ψ

(X
)

u
n
e

fo
n
ct

io
n
-t

es
t.

Il
v
ie

n
t

:

IE
(ψ

(X
)f

(X
,Y

))
=

∫∫ ψ
(x

)f
(x

,y
)I
P

(X
,Y

)(
d
x
,d

y
)

=
∫∫ ψ

(x
)f

(x
,y

)I
P

X
(d

x
)I
P

Y
(d

y
)

p
ar

in
d
éep

en
d
an

ce
,

=
∫ ψ

(x
)
[ ∫ f

(x
,y

)I
P

Y
(d

y
)] IP

X
(d

x
)

d
’a

p
rèe

s
le

th
éeo

rèe
m

e
d
e

F
u
b
in

i.

O
n

p
os

e
ϕ
(x

)
:=

∫ f
(x

,y
)I
P

Y
(d

y
),

et
on

en
d
éed

u
it

:

IE
(ψ

(X
)f

(X
,Y

))
=

∫ ψ
(x

)ϕ
(x

)I
P

X
(d

x
)

=
IE

(ψ
(X

)ϕ
(X

))
,

d
’o

ùu
IE

(f
(X

,Y
)|X

)
=

∫ f
(X

,y
)I
P

Y
(d

y
).

#

C
et

te
p
ro

p
ri

éet
ée,

d
’u

n
u
sa

ge
tr

èes
co

u
ra

n
t

en
ca

lc
u
l
co

n
d
it

io
n
n
el

,
se

ra
il
lu

st
rée

e
àa

la
so

u
s-

se
ct

io
n

su
iv

an
te

.

11
.4

.2
C

on
d
it
io

n
n
em

en
t

p
ar

u
n

ve
ct

eu
r

ga
u
ss

ie
n

E
n

fa
it

l’
ex

em
p
le

5
re

lèe
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d
’u

n
ca

d
re

b
ea

u
co

u
p

p
lu

s
gée

n
éer

al
,

d
an

s
le

q
u
el

il
es

t
fa

ci
le

d
e

co
n
d
it

io
n
n
er

:
le

s
es

p
ac

es
ga

u
ss

ie
n
s.

A
u

n
iv

ea
u

éel
éem

en
ta

ir
e

q
u
i
es

t
le

n
ôot

re
,

n
ou

s
al

lo
n
s

n
ou

s
ca

n
to

n
n
er

au
x

ve
ct

eu
rs

ga
u
ss

ie
n
s

(X
1
,.

..
,X

d
,Y

),
q
u
e

n
ou

s
su

p
p
os

er
on

s
n
on

-d
éeg

éen
éer

ées
.
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1

O
n

p
os

e
Σ

(2
)
:=

       C
ov

(X
i,

X
j
) 1

≤
i,
j≤

d

C
ov

(Y
,X

j
) 1

≤
j≤

d

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣C
ov

(X
i,

Y
) 1

≤
i≤

d

V
ar

(Y
2
)

       =

       Σ
(2

)
X

Σ
(2

)
Y

X

∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣Σ
(2

)
X

Y

Σ
(2

)
Y

       
la

m
at

ri
ce

d
e

co
va

ri
an

ce
(o

u
d
e

d
is

p
er

si
on

)
d
u

ve
ct

eu
r

ga
u
ss

ie
n

(X
1
,.

..
,X

d
,Y

).
L
a

m
at

ri
ce

d
e

co
va

ri
an

ce
d
u

ve
ct

eu
r

X
es

t
n
ot

éee
Σ

(2
)

X
.

E
ll
e

es
t

sy
m

éet
ri

q
u
e

n
on

d
éeg

éen
éer

éee
;

le
ve

ct
eu

r-
li
gn

e
t Σ

(2
)

Y
X

=
Σ

(2
)

X
Y

re
p
rée

se
n
te

la
m

at
ri

ce
d
e

co
va

ri
an

ce
en

tr
e

la
v
.a

.
Y

et
le

ve
ct

eu
r

X
.

A
ce

st
ad

e,
on

m
u
n
it

IR
d
+

1
d
u

p
ro

d
u
it

sc
al

ai
re

eu
cl

id
ie

n
<

u
,v

>
:=

t u
Σ

(2
) v

.
(e

1
,·
··

,e
d
+

1
)

d
ées

ig
n
e

la
b
as

e
ca

n
on

iq
u
e

d
e

IR
d
+

1
.

S
oi

t
b 1

,.
..

,b
d

le
s

co
or

d
on

n
éee

s
su

r
(e

1
,.

..
,e

d
)

d
e

la
p
ro

je
ct

io
n

“Σ
(2

) -
or

th
og

on
al

e”
d
e

e d
+

1
su

r
V

ec
t{

e 1
,.

..
,e

d
}.

S
i
l’
on

p
os

e
X̃

i
:=

X
i
−

IE
(X

i)
,

1
≤

i≤
d
,
et

Ỹ
:=

Y
−

IE
(Y

)−
d ∑ i=
1

b i
X̃

i,
il

es
t

im
m

éed
ia

t

q
u
e

X̃
:=

(X̃
1
,.

..
,X̃

d
,Ỹ

)
es

t
u
n

ve
ct

eu
r

ga
u
ss

ie
n

v
éer

ifi
an

t,
p
ou

r
to

u
t

i∈
{1

,.
..

,d
}:

(∗
)

C
ov

(X̃
iỸ

)
=

IE
(X̃

iỸ
)

=
C

ov
(X

i,
Y

)
−

d ∑ j=
1

b j
C

ov
(X

i,
X

j
)

=
t e

iΣ
(2

)

  e d+
1
−

d ∑ j=
1

b j
e j

  =
0.

E
n

co
n
sée

q
u
en

ce
(c

f.
ch

ap
it

re
V

II
.2

),
Ỹ

es
t
in

d
éep

en
d
an

t
d
e

(X̃
1
,.

..
,X̃

d
)
i.
e.

d
e

(X
1
,.

..
,X

d
),

et
d
on

c
:

IE
(Ỹ

|σ
(X

1
,.

..
,X

d
))

=
IE

(Ỹ
).

C
et

te
id

en
ti

tée
s’

éec
ri

t
àa

so
n

to
u
r

IE
(Y

|(X
1
,.

..
,X

d
))

=
IE

(Y
)
+

d ∑ i=
1

b i
(X

i
−

IE
(X

i)
).

L
e

ca
lc

u
l
d
’e

sp
éer

an
ce

co
n
d
it

io
n
n
el

le
se

ra
m

èen
e

d
on

c
ic

i
àa

u
n

p
ro

b
lèe

m
e

d
’a

lg
èeb

re
li
n
éea

ir
e,

en
l’
es

p
èec

e
la

d
éet

er
m

in
at

io
n

d
es

b i
.

N
ot

on
s

p
ou

r
si

m
p
li
fi
er

t B
:=

(b
1
,.

..
,b

d
)

(B
es

t
d
on

c
u
n

ve
ct

eu
r

co
lo

n
n
e)

.
L
es

éeg
al

it
ées

(∗
)

IE
(X̃

iỸ
)=

0,
1
≤

i≤
d
,
s’

ex
p
ri

m
en

t
àa

l’
ai

d
e

d
e

Σ
(2

)
en

Σ
(2

)
X

i
Y

=
Σ

(2
)

X
X

i
B

,
i
=

1,
..

.,
d

i.
e.

Σ
(2

)
X

Y
=

Σ
(2

)
X

B
.

F
in

al
em

en
t

B
=

(Σ
(2

)
X

)−
1
Σ

(2
)

X
Y
.

O
n

p
eu

t
al

or
s
ex

p
ri

m
er

l’
es

p
éer

an
ce

co
n
d
it

io
n
n
el

le
d
e

fa
çco

n
sy

n
th

éet
iq

u
e

so
u
s
la

fo
rm

e

IE
(Y

|(X
1
,.

..
,X

d
))

=
IE

(Y
)
+

t
Σ

(2
)

X
Y
(Σ

(2
)

X
)−

1
(X

−
IE

(X
))

.
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d
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n
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T
h
ée
o
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m
e

5
:

S
i

(X
1
,.

..
,X

d
,Y

)
es

t
u
n

ve
ct

eu
r

ga
u
ss

ie
n

d
e

d
is

p
er

si
on

Σ
(2

) ,
Σ

(2
)

X

in
ve

rs
ib

le
.

A
lo

rs
,

L(
Y
|(X

1
,.

..
,X

d
))

=
N

( IE
(Y

)
+

t
Σ

(2
)

X
Y
(Σ

(2
)

X
)−

1
(X

−
IE

(X
))

;
Σ

(2
)

Y
−t

Σ
(2

)
X

Y
(Σ

(2
)

X
)−

1
Σ

(2
)

X
Y

) .

R
e
m

a
rq

u
e

:
L
a

fo
rm

u
le

se
gée

n
éer

al
is

e
im

m
éed

ia
te

m
en

t
–

so
u
s

la
m

êem
e

fo
rm

e
–

àa
u
n

ve
ct

eu
r

Y
m

u
lt

id
im

en
si

on
n
el

,
av

ec
le

s
m

êem
es

n
ot

at
io

n
s.

D
éem

on
st

ra
ti

on
:

Q
u
it

te
àa

re
m

p
la

ce
r
X

p
ar

X
−

IE
X

et
Y

p
ar

Y
−

IE
Y

,
on

p
eu

t
to

u
jo

u
rs

su
p
p
os

er
le
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éer

al
e

d
e

lo
i
co

n
d
it

io
n
n
el

le
14

3

T
h
ée
o
rèe
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éee
(I
P

X
(d

x
|y)

) y
∈I

R
d
′
et

v
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éee

,
y
�→

∫ f
(x

)I
P

X
(d

x
|y)

es
t

b
or
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éem

on
st

ra
ti

on
s’

ap
p
ar

en
te

àa
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éee

su
r

IR
d
×

IR
d
′ ,

al
or

s
d
’a

p
rèe
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èet

es
u
su

el
le

s
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
10

2.
4.

2
E

sp
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éev
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éer

at
ri

ce
d
’u

n
e

v
.a

.
àa
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éep

en
d
an

te
s

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
52

5.
3

E
v
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